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ABSTRACT

Let ¢ be a bounded measurable function on the unit circle. Then we shall give the form of a
weight W for which the singular integral operator ¢pP++ P- is left invertible in the weighted space
L*(W). P+ is an analytic projection, P- is a co-analytic projection. When W is an (A.) weight,
¢P++ P- is left invertible (resp. invertible) in L*(W) if and only if Toeplitz operator Ty is left
invertible (resp. invertible) in H*(W).
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§ 1. INTRODUCTION.

Let m denote the normalized Lebesgue measure on the unit circle T={¢;|¢[=1} and let y
denote the identity function on T. For a function f in L'(m), its k-th Fourier coefficient 7 (%) is

defined by
f(k):fo‘kfdm

for all integers %. For a function f in L'(m), its harmonic conjugate function f is defined by the

singular integral
fO)= VPf F(@—1t)cot Ldm(t)
T 2 .

Let C(T) be an algebra of all continuous functions / on T, and let A be a disc algebra of all
functions f in C(T) such that 7 (%) =0 for all negative integers k. The Hardy spaces H?, 0< p=<oo,
are defined as follows. For 0< p<oo, H? is the L?(m)-closure of A, while H* is defined to be the
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weak-* closure of A in L=(m). If an £ in H? has the form f =exp(u+ i +ic) ae. for some function
u in Lx(m) and some real constant ¢, then f is called an outer function. Let Ao be the subspace of
all functions f in A which satisfy 7(0)=0, and let 4, be the subspace of all complex conjugate
functions of functions in A,. Since the intersection of ! and H¢ is only the zero function, the

analytic projection Py is defined as

Pi(fi+ fo)=fi, for all f1in H' and all /> in H4.

The co-analytic projection P- is defined by P-=1I — P+ where [ is an identity operator on H '+ H.
Then

Pif:%{fil'fif(o)}, for all fin A+ A,.
For a ¢ in L*(m), the Toeplitz operator 7y is defined as a map from H? to H?* by
Tsf =Pi(¢f), for all £in H

A non-negative integrable function Won T is said to be a weight. Ps is bounded on L?(W) if and
only if W satisfies the A,-condition (cf.[6], p.254). (4,) denotes the set of all positive weights W
satisfying the Aj-condition. In the case p =2, Helson-Szegd theorem gives the form of a weight W
in (A2) (cf[6], p.147 and [7)). If Wisin (A»), then Ty is bounded in Z*(W) and ¢P++ P-is bounded
in LAW). A weight W does not necessarily belong to (A,) when those operators are bounded. In
this paper we shall give the form of a weight W such that ¢P++ P- is bounded and left invertible
in L2(W). It should be mentioned that Wis in (A5) if and only if there exist a function 2in ' and a
constant o, 0<1 such that |W —k|ZoW ae. If Wis in (A,), then log W is in BMO=Lz(m) +
LiGm).

Definition. (1) For a function A in L*(m),

A ={sEBMO; A1=|Alexp(is) a.c),
A={€L=(m);|A|exp(s) is bounded for some sin A (1)}.

(2) For a function ¢ in L*(m), we shall wright

dt
E2Tm"

E@=(ET: $(O+1) and m(E@)= [ dm=

I(¢, +), I(¢, —) denote intervals such that
I(¢, +)=[max(l, | #ll.}, o),
I(¢, —)=(0, minfl, ess inf |¢[}] and put
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I(p)=1(p, H)UI(, —),
J(P)={(t€I(¢);t*—¢ belongs to AJ.
(3) For a function ¢ in L*(m) and a constant ¢ in () satisfying m{d=1¢%=0, put

(¢—1)t’
t’—¢ |

r(t, )=

and for a function v satisfying |v|<cos™ »(¢, ) ae. put

U, o, v)=cosh_1( cos v )

r(t, &)

In this paper we shall assume —7<Arg z<x. For any ¢ in L=(m), 0= m(E($)) <1.If |4|=1
ae, then 7(¢)=(0, ). For any A in L*(m), Arg A belongs to a set A(1). A-A =/ and /A contains
a set exp . A belongs to A if and only if there exist two functions ¢, s in Lz () such that t+5is
bounded above and A =exp(¢+1is) a.e.. The following Lemma A is useful to study the boundedness

and the left invertibility of ¢P+=+ P- in L*(W).

Lemma A. Suppose ¢ is a function in L=(m) such that m(E(¢))>0. Suppose t is a constant in
J(®) such that m{p=1t%=0. Then r(t, p) =1 a.e.. For a weight W such thatlog W is integrable, the
Jfollowing conditions are equivalent.

() There exists a function k in H such that
(=)W —k|=Q—r(t, )} 12— | W ace..
(17) There exist three functions u, v, s, and a constant ¢ such that
lv|<cos™ #(t, ¢) a.e., and m{lv|=r/2}=0;
lu|=U(t, ¢, 0) a.e. on E($), and —1og2 cos v)=u a.e. on E($)";
L. ) o t 1 o
sisin At2—o), and W= XE(¢)EW+XE(¢)W exp(u—9—5—c) a.e..

If m(E($)9) >0 then ¢t=1. If W satisfies one of these conditions, then W ™' is integrable.

For a given function ¢ in L=(m), the form of a weight W such that ¢P+~+ P- is bounded in
L*(W) was given in our preceding paper [14]. The proof of Lemma A is similar to it. In §2, we
shall give the proof. It is known that 7y is left invertible (resp. invertible) in A2 if and only if
¢P++ P_ is left invertible (resp. invertible) in L () (cf[10], p.71 and [15], p.393). Left invertibilities

of singular integral operators ¢P++ P- and Toeplitz operators Ty in weighted spaces were never

been studied. In § 3, we shall give the form of a weight W such that ¢P++ P- (resp. Ty) is bounded
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and left invertible in L2(W) (resp. H*(W)). A central role is played by the Cotlar-Sadosky lifting
theorem and Lemma A. The invertibility of 7y in weighted spaces was already studied by
Rochberg [16]. In § 4, we shall consider the invertibility of ¢P++ P- and Ty in weighted spaces.
For a function £ in L%(W), the L% W) norm of £ is denoted by Hf||W={fT|f|2 de}l/z.

§ 2. PROOF OF LEMMA A.

We shall show that (z) implies (z7). Suppose 2=0 in (i), then by the calculation we have ¢ =1 a.e.
which contradicts to 7 (E(#)) >0. Hence we have £2+0. Since ¢ is in (), we have

2= g —lp—1 == D(t*—|¢[) =0 ae.

Hence »(t, ) =<1 ae. and |k £2W|t2—¢| ae. Suppose m(E($)9)>0 and =1 in (5), then #=0 ae.
on E(¢) and hence £=0 a.e.. This contradiction implies that if 7 (Z(#)9) >0 then ¢ #1. Since ¢is in
J(#), t*—¢ belongs to A. Hence there exists a function s in Lz(m) such that t*—¢ =
[t2—¢| exp (is) ae. and [t2— ¢| exp (§) is bounded. Put g=Fk exp (§—is), then |g|<2W|t?— ¢| exp

(5) a.e. Hence g is a non-zero function in H'. Put v=Arg g, then |v|=cos™ »(¢, #) a.e. since

U=Arg<%> ae, and ‘ w— ﬁ‘ <{1—r(, ¢)2}1/2W ae.

Since g is an outer function such that Re g=0 ae. and

exp(iv—=7) _ g e
lexpGv—o)| gl “

there exists a positive constant 7 such that exp (Gv—3)=yg a.e. (cf[11], Proposition 5). Put
u=79+35+log W+log t+log v+ xewlogld — 1|+ xeweoglt — ¢t 71,
then
W:( c#-l— L)ex (u—9—35—c) ae
XE@) |t2—1| XE($) |¢_1| D €.

Since |[1—7(¢, ) exp Gv—w)|’<1—7(t, $)* ae. on E($), we have

e“‘—2< :85;3 >e“+1§0 ae. on E(¢),

and hence |u|Z U, ¢, v) ae. on E(¢). Since

2

k
)

k
=2W Re<m) ae.,
we have
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%‘ =2W cosv ae.

Hence W '=2y|t*— plexp(i+3) cos v ae. Since |v|£7/2 ae., exp(d)cos v is integrable (cf[6], p.
161). Since ¢ is in J(¢), W™ is integrable. Since (cos v)~” is integrable for some p, p >0, we have

m{|v|=m/2}=0. Since
2yWlt?—1lexp(5+$) cos v=1 ae. on E(p),

we have —log(2 cos v) u ae. on E(¢)°. We shall show that (¢7) implies (2). Since |u| = U (¢, ¢, v) ae.
on E(¢), we have

COS v

r(t, $)

11— 7(t, expliv—w) —(1—r(t, $)}=r(t, ¢)2{e‘2”— 2( )e‘”+ 1} =0 ae. on E(¢).
Put k=texp{i(v+s)—(v+s) —c}, then
(22— )W —k|=1—7r(t, p)expliv—w)|*| 22— | W ={1—r(t, )} *|1*— | W ae. on E($).
Since —log(2 cos v) = u ae. on E(¢)", we have [1—exp(iv—u)| =1 ae. on E($)". Hence
|(t* =D W —k|=t*=1|"|l —expliv— )| W =|t*—1| W ae. on E(¢)".
Since |k £2|t2—¢| W ae., kis in H. Hence (;) follows. This completes the proof.
If xewwloglé —1| is integrable, then it is possible to take an integrable function # in condition

(22). If (¢, ¢) is bounded away from zero, then it is possible to take a bounded function u in (z2).

§3. LEFT INVERTIBILITY.

We shall give the form of a weight W such that ¢P++ P- is bounded and left invertible in
L*(W).If Wisin (Ay), then ¢P+—+ P-is left invertible in L*(W) if and only if 7y is left invertible in
H*W).

Definition. For a ¢ in 7(¢) and a ¢ in L=(m), let
L, =l=u—v—5—c;
l[v|<cos™7(t, ¢) ae, m{v=r/2}=0.

lu| 2 U(t, ¢, v) ae. on E(@), and —log(2 cos v) Zu ae. on E(p)".

sEA(t*—¢), and c is a real constant.}.
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If »(¢, ) is bounded away from zero, then L(¢, ) is a convex subset of BMO.

Theorem 1. Suppose ¢ is a function in L=(m) such that m(E($))>0. Suppose € is a positive
constant such that both € and € belong to J(p). For a weight W such that log W is integrable, the
Jfollowing conditions are equivalent.

@) el flly=1(@P++P) flly=e I flly. for all f in A+ As.
() eZ1, eZ|pl=Ze™ ae., mld=eB=ml{p=e"3=0 and there exists an £ in L(g, $) N

L(e™, ¢) such that

e 1
Wz( |82_1|XE(¢)C+ |¢_1|XE(¢)>eXp la.e..

If m(E($)°) >0 then e=+1. If W satisfies one of these conditions, then W™ is integrable.
Proof. By Cotlar-Sadosky’s theorem [4], if follows from (z) that there exist two functions %, £~
in ' such that

(2= )W — k= (*— 1) (e2— | ) W? ae,
(e2—p) W —F === W? ae.

Since m(E($))>0, it follows that % and %" are non-zero functions. Suppose m{p=e% >0, then
m{k=0}>0. Since %k is in H' we have 2=0 ae. (cf[8], p.76). This contradiction implies

mi{p=e?=0. In the same way we have m{p=ec7?=0. Then
(€= (2= g )={1—r*, §)}N*— o[ ae.
We use Lemma A to complete the proof.
Remark 1. For a function ¢ such that |¢|=1 ae, we have »(e, §)=7r(c7", $) ae. and hence

Ule, ¢, v)=U(e™!, ¢, v) ae. In this case the condition (7) in the above theorem becomes as follows.

(z7) There exist three functions «, v, s and a constant ¢ such that

1 _
W:( |626_1|Xs(¢>f+ |¢_1|XE<¢>>6XD(M—U—S_C) a.e.,

where |v|Zcos™ 7(e, ¢) ae, m{lv|=7/2}=0;
lu|<U(e, ¢, v) ae. on E(p), and
—log(2cosv)=u ae. on E(p)°:sEA(?—H)NA(e2—g).

It should be mentioned that if = —1 a.e., then the condition (zz) becomes the Arocena, Cotlar

and Sadosky’s condition (cf[1], [3] and [4]). In this case ¢pP++ P-=— P+ P-is invertible if and only
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if it is bounded. Then E(—1)=T, r(e, —1) = r(¢7}, —1) = 2¢/(1+¢€?) ae, and A(®+1) N

A(e™2+1) contains a function s=0.

Corollary 1. Suppose ¢ is a function in L=() such that |¢—1|>0 ae. and J(¢) contains a
constant 1. For a weight I such that log W is integrable, the following conditions are equivalent.
(1) ¢P++ P- is an isometry in L2(W).

(#1) |¢|=1 ae. and there exist an s in A(1—¢) and a positive constant C such that
W= Wgﬂexp (=9 ae.

If W satisfies one of these conditions, then W ™! is bounded.

Proof. It follows from (¢) that
[(@P++P) £, =l fll,. for all £in A+ A,.

This is the case e=1 in Theorem 1. Hence, |¢|=1 a.e. and there exists an £ in L(1, ¢) such that

W=|¢p—1|"exp? ae. Since (1, $)=1 ae., we have
LA, ¢)=(—5—c;s€A1—¢), and c is a real constant).

Since J () contains 1, |1— ¢|exp (§) is bounded for some s in A(1—¢) and hence W ™! is bounded.

We use Theorem 1 to complete the proof.

Definition. For a function ¢ in L=(mn), let L(¢, +), L(¢, —) and L(¢) denote subsets of real

measurable functions such that

L(g, i>:;e,<9,i) L(t, ¢) and L(¢)=L(¢, +)NL(&, —).

Theorem 2. Suppose ¢ is a function in L=(m) such that |¢ —11>0 a.e.. Suppose there exists a
positive constant 8 such that (0, ][5, ) is a subset of J($). For a weight W such that log W is
integrable, the following conditions are equivalent.

() @P++ P- is bounded and left invertible in L*(W).
(i7) & is bounded away from zero and there exists a function € in L(¢) such that W=|¢—1|""
exp ¥ a.e..

If W satisfies one of these conditions, then W ™! is integrable.

Proof. We shall show that (z) implies (zz). By (z), there exists a positive constant € such that
both € and € 7! belong to J(¢) and

17



J. HOKKAI-GAKUEN UNIV. No.171 (March. 2017)

el Fly=l@Ps+P) flly=e M £1, for all fin A+ A,

By Theorem 1, there exists an ¢ in L(e, #) N L(e™", #) such that W=|¢—1|""exp? ae. Since
L(e,9)NL(e7", @) is a subset of L(¢), (i) follows. The converse is also true. This completes the

proof.

Proposition 3. Suppose |¢—11>0 a.e.. Let t and ' be positive constants satisfving t<t'. If
J(P)=1I(p), then the following statements are true.

(1) If  and ¢ belong to I(¢, +), then L(¢, @) is a subset of L(#', ) and »(¢/, p) =r(t,$) ae.

(2) If t and ¢ belong to 7(¢, —), then L(#, ¢) is a subset of L(¢, ¢) and (¢, p)<r(¢', ¢) ae.

Proof. Put r=7(t,¢) and »'=r(¢', ¢), then

o =gl =D
2= gl1*— o

We shall prove (1). Since ¢ and ¢ belong to (¢, +), we have 7 =<7 ae. Let £ be in L(¢, ) and put

W=|¢p— 1|_1 exp ¢, then it follows from Lemma A that there exists a # in H! such that
(=W =k’ =@ =D& —Ig[ YW ae..
By Cotlar-Sadosky’s theorem [4],
IpP++ P flly=tl Al =21 1y,
for all fin A+ A, By Cotlar-Sadosky’s theorem, there exists a #” in H* such that
(2= W=k == D(* =g YW ace..
By Lemma A, there exists an ¢ in L(¢, ) such that W =|¢— 1™ exp ¢ ae.and hence =2 ae.

Thus L(¢, ¢) is a subset of L(#’, ). The proof of (2) is similar to one of (1). This completes the proof.

Proposition 4. If J(p)=1(¢) and r(t,d) is bounded away from zero for all t in I($), then
L(p, +), L(p, =) and L(p) are convex subsets of BMO.

Proof. Let £and ¢ bein L($, +). There exist t and ¢ in I($, +) such that Zis in L(¢, ¢) and
¢ isin L(t, ¢). Since »(t, ¢) is bounded away from zero, we have [¢—1/>0 a.e. and U(¢, ¢, v) is in
Lz(m). Since |¢—1/>0 ae. and J(p)=I(p), it follows from Proposition 3 that the convex
combination of £ and ¢ belongs to either L(t, ) or L(t’, ) which is a convex subset of L (¢, +).

Hence L(¢, +) is a convex subset of BMO. It follows in the similar way that L (¢, —) is convex and
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hence L(¢) is also convex.

Proposition 5. (1) If ¢ is an outer function in A=, then J($)U{1}=1(¢).
(2) If ¢ is a function in Lz(m) such that (ess inf @, ess sup @) does not contain zero, then
J(®)=1().

Proof. We shall prove (1). Let ¢ be any constant in / (¢, +) not equal to one. Put A=¢*—¢, then
A is an invertible function in H/* since |A|=¢*—Re ¢ = *—max{¢, 1} >0 ae. Hence there exist a
function f and a constant ¢ such that A=exp(f +if +ic) ae. Put s=f+c¢, then s is in A (1) since
|Alexp(§)=c¢’ for some constant ¢”. Thus (¢, +) is a subset of J(4)U{1}. Let ¢ be any constant in
1(¢, —) not equal to one. We may assume that ¢ is bounded away from zero. Put A=¢*—¢, then A
is an invertible function in < since Re(t ' —¢ ™) =0 ae. and |A|= A — ) (ess inf |$]) >0 ae.. Thus
I($, —) is a subset of J(¢)U(1}. Hence J(p)U(1}=1(¢). We shall prove (2). Let ¢ be any constant
in7(¢, +). Put A=t*—¢, then A is in Lx(m) and 1=0 ae. since |p|=t=t? ae. Put s=Arg A, then
s=0ae. and hence |A]exp(s) is bounded. Thus (¢, +) is a subset of J(¢). Let ¢ be any constant in
I(p, —).Since (ess inf ¢, ess sup ¢) does not contain zero, we have =0 a.e.or p=0ae.If p=0ae,
then A=0 ae. since p=t=¢* ae. Put s=Arg A, then s=—r ae. and hence |Alexp(s) is bounded.
Thus (¢, —) is a subset of J(¢). If =0 a.e., then 1 =0 a.e. and hence I(¢, —) is a subset of /().
Hence J(¢)=1(¢). This completes the proof.

For a weight W, H2(W) (resp. H¥(W)) denotes the L2(W)-norm closure of A (resp. Aq). If W
is in (A,), then Ty is bounded in H*(W) and ¢P+~+ P- is bounded in L%(W).

Proposition 6. Let ¢ be a function in L=(m). For a W in (As), the following conditions are
equivalent.
(1) P+~ P- is left invertible in L*(W).
(17) P+pP+~+ P is left invertible in L*(W).
(111) Tyf is left invertible in H*(W).
Proof. Put

e=inf{|(¢P++P) fll,; FEA+ Ao I Fl,=1}
e=inf(|(Ps¢pP++P)fl,; FEA+ A, | fl,=1}, and
es=mnf{| 7o/ ; FEA, | F]l, =1L

Suppose >0 and let f be any function in A+ A, satisfying [ fll,=1. Since P+¢ P+ + P-=
(PP++P_)(I—P-¢Py),
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I(P+pP++ P fllyz el (I — P-pP) fll, Z el I + P-¢P.II;,

it follows that e2= &1l|7 + P-¢ P+ |, >0. Hence (2) implies (i7). Suppose &;>0 and let f be any function
in A satisfying | fll,=1. Since |75/l = |(PspPs+P)fl,, = €2, we have es=e,>0. Hence (zi)
implies (:2i). Suppose &;>0 and let f be any function in A + A, satisfying | fll,=1. Since [|P+l,,=
1P-Ily, (cf114]),

es=&s(| Poflly + 1 P-fll) SN To(Pe Ol + el P11l = A+ e Pl | (Prp P4 P f .

We have ;= e;(1+e3)|| P+, and hence e;>0. Hence (i72) implies (7). Suppose & >0 and let f be any
function in A + A, satisfying || 7ll,,=1. Since pP++ P-=(P+pP++ P_)(I+ P-pP.),

I(pP++ P fll,z el T+ P-¢Py) fll, Z &l T — P-p P4,

we have e1= &I — P_¢P.l, >0. Hence (7) implies (). This completes the proof.

Proposition 7. Suppose ¢ is a function in Lz (m) such that ¢ —1 is bounded away from zero,
and [ess inf ¢, ess sup @] does not contain zero. If $P+~+ P- is left invertible in L2(WW), then Wis in
(Ay).

Proof. Since [ess inf ¢, ess sup ¢] does not contain zero and ¢P+-+ P- is left invertible, it
follows that there exists a constant € in 7/(¢) such that € does not belong to [ess inf ¢, ess sup @]

and
el 71, 2N(@P++P) fl,. for all fin A+ A,
By Cotlar-Sadosky’s theorem, there exists a % in ' such that
((g—eHW —kl=((gF —eDA =" W ={1—7(e, )} |6~ W ae.

Since ¢ —e? and ¢ —1 are bounded away from zero, it follows that 7 (e, ) is bounded away from
zero. Then ¢ —e2>0 ae. or p—e?<0 ae. By Lemma A, |[¢p—e? W is in (42 and hence W is in

(A,). This completes the proof.

Remark 2. Suppose E is a Borel subset of a unit circle. Suppose € is a function in Li(m) such
that exp £ is integrable, not in (As), —log 2=4 a.e. on E¢, and |4]|=cosh ™ {(1+&%)/(2¢e)} a.e. on E.
For a constant € satisfying 0<e=1, put

RE, &)=W ;elfl, =IQ—2xe) P+ +P) fll, =e Ml fIl,, for all £in A+ Ao).
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The following statements are then true.
(@) IfO0<m(E)<1,0<e<land W={Qe)/1—e?yxre+ xz} exp ¢, then Wisin R(E, ), not in
(Ay).
(b) If m(E)=1, then (1—2xg) P++ P-=—P++ P- and hence R(E, ¢) is a subset of (A2).

In this section, we have assumed that log W is integrable. Similar results hold on the
assumption that W >0 ae. If m{W =0}>0, then the following conditions are equivalent.
(1) ¢P+~+ P- is bounded and left invertible in L2(T¥).
(@) W=0 ae. on E(¢), and W has no restriction on E(¢)".

§4. INVERTIBILITY.

We shall consider the invertibility of operators ¢P+-+ P- and Ty in weighted spaces. If Wis in
(A3,), then ¢P++ P- is invertible in L2(W) if and only if 7y is invertible in H*(WW). We shall use
Rochberg theorem (cf[16]) to prove Theorem 8.

Theorem 8. Let ¢ be a function in L=(m). For a W in (Asy), the following conditions are
equivalent.
() ¢P++ P- is invertible in L*(W).
(1) Ty is invertible in H*(W).

(i17) ¢ can be written as
dp=exp(U+ic—iV) a.e.

with ¢ a real constant; U a function in Lg(m) ;' V a real measurable function such that We" is in
(Ay).
If ¢ and W satisfy one of these conditions, then

17+ P-g Pl 1 7571y = (@ P+ P 7, = A+ N T I Pl | T = P-gPoly.

Proof. Rochberg [16] proved (i7) is equivalent to (z7z). We shall show that () implies (z7). By
Proposition 6, (/) implies that T is left invertible in H2(WW). Let g be any function in L2(). Since
#P++ P has a dense range in LXW), TsP+=P+(¢pP++P-) on A+ A, and P+ is bounded in
L*(W), it follows that 7 has a dense range in H2(WW). We shall show that (¢77) implies (z) parallel to
Rochberg [16]. Let ¢: be a function such that

dr=exp 5 (U+i0)—(V+i7) ac.
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and put ¢»=¢/¢: then ¢ and @, are invertible function in H? for some p, p>1 such that |¢|’=
exp(U—V) ae. and |é:)*=exp(U+ V) ae. Define the operator R by

Rf=(¢pT P+ poP_)(p3stf), fis in A+ A,.
Since ¢:'f is in L*(We")(L?(m) for some constant p, p>1 we have

IRf Ny =l Pz Ol d2P- (5 Ny
< (exp | U121 P87 Allyor+ 1 P-(d57 )l
<2(exp [U1) 21 Pill ol Fll v
=2(exp 1T P+l el £ 1

The third inequality holds since We" is in (A»). Thus R extends to a bounded map of L*(W) to
L*W). We shall show that for a function f in A+ A, R(¢pP.+P-)=(¢P++P-)R=f. Since
P+¢1P+:¢1P+, P—QSZ_IP—:QSz_lp— and P_¢51P+:P+¢2_1P—=0, we have

R(PP++P_) f=(di ' Pr+ ¢oP-) (7 (dPs+ P-) )= (7 ' Pr+ ¢ P) (1 P+ 3 ' P-) )= f.
Since P+ ' Pr=¢1 Py, P-¢psP-=d, P, P_¢pi ' P+=P+¢,P-=0, we have
(pP++PORf=(¢Ps+ P )(pr ' Pr+ P ) (s f)= 7.

Hence ¢P++ P- has a bounded inverse, namely R. Hence (z) follows. The operator norm inequality

follows from the proof of Proposition 6. This completes the proof.

For a Win (A,), the necessary and sufficient conditions for T to be invertible in Z*(W) was
given by Rochberg (cf[16]). Theorem 8 is the case p=2. It is possible to modify this theorem for p,
1<p<oo,

Proposition 9. For a weight W in (A»), either of the following two conditions imply that
@P+~+ P- has a dense range in L*(W).

(a) ¢ is an outer function in H°.

(b) ¢ is a function in Lg(m) such that (ess inf @, ess sup ¢) does not contain zero.

Proof. Since W is in (A,), there exists an invertible function % in H? such that W =|x/" ae.
Let (-, +), denote the inner product in L*(W). Let g be a function in L*(WW) such that
(pP++P) f, 2),,=0, for all fin LA W). Since f+/hisin H* (W) and f-/h is in HF(W), we have
(p(f+/h), &), =0for all f+in A, and ((f-/h), g),,=0 for all /- in Ao. Hence ¢hg is in H¢ and hg is
in % Put F=Wg and G=x%g¢ W, then F and G are functions in ' and hence G belongs to H "2
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Suppose (a) holds. Since (xFG)/d=W?g|’=0 ae., (xFG)/ is a function in H"? which is real and
non-negative almost everywhere. Hence there exists a constant C such that (x#G)/¢=C ae. (cf.
[6], p.95). Since ¢ is an outer function, C=0. Since ¢ and W are non-zero functions, g=0 ae..
Suppose (b) holds. Since xFG= dW? gl ae. and (ess inf @, ess sup ¢) does not contain zero, we have
xFG=0 ae. or xFG=0 ae. Since xFG is in H"? there exists a constant C such that x#G=C ae..

Hence g=0 a.e.. This completes the proof.

Proposition 10. Suppose ¢ is an outer function in H™ not equal to one. Let € be a positive
constant. For a weight W in (A, ¢P++P- has a dense range in L*(W) and the following
conditions are equivalent.

@) el Fll, =N @Ps+PIF,, for all fin A+ A,
(#7) e=minf(l, |¢|} a.e. and there exist a positive constant C and two real functions u, v such

that

__C -
W= . d) exp(u—7) a.e.,
lv|=cos™ (e, @) a.e. and \u|=U(e, ¢, v) a.e..
Proof. By Cotlar-Sadosky’s theorem, it follows from (i) that there exists a & in H' such that
[(p—edW —E= W21 —e2)(p]'—¢e?) ae.
Put g=e*—¢, then gis in H*. Put k=—¢e %¢!, then % and 27! belong to H*, since ¢ is an outer

function and e=|¢| a.e.. Let s be any function in A (e?—¢). Since Re kg =0 a.e. and

exp(is—s) _ g e
lexp(is—9)I el =

there exists a positive constant y such that exp(is—s)=yg a.e. (cf[11], Proposition 5). Hence s=

—logle?—¢|+c ae. for some real constant ¢. We use Lemma A to complete the proof.
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