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Boundedness of Analytic Projections on Weighted
Lebesgue-Hilbert Spaces

Takanori YAMAMOTO

This paper is dedicated to the memory of late Professor Takahiko Nakazi

Abstract. An important case of non-positive operators, for which the classical theorems still hold is
exhibited by the theory of Hilbert transforms. The (ordinary) Hilbert transform Hf of the function
Ax), (=00 <z <), is defined by

(1) Hf(;r):fﬁdt.

x—1t

Hf is understood as the limit, as e—0, of H.f, where H.f is defined for each e>0 by

(Ia) H.fla) = %dt=]+l%dt

|t—x|>e —  x+e
Lusin, Privaloff and Plessner proved the pointwise convergence of H.f: for every fEL? p=1,

the limit
(1) liyol H.f(x) = Hf (x)

exists for almost all z. The limit function Hf(z) is then taken as the definition of the singular
integral (I).
While the function HAx) exists, it may not be integrable. M. Riesz has shown that if f€L?, and
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p>1 then also Hf €L? and H.f converges to Hf in the p™mean, ie.
(ID) lim j \Hf(@)—Hef@l dx =0,  for FEL, p>1.
Moreover, the following inequality of M. Riesz
(V) jmmesonqu,w>u

holds for any fE€L? where O, dependes on p alone. (c.f. Cotlar [21])
This paper is concerned with the boundedness of the Hilbert transform and the analytic

projection between two weighted Lebesgue-Hilbert spaces.

§1. p=20 & %, BEALIME_LED Koosis DEE
P. Koosis &, ROEH A L EZHB 2R L7,
[ Al ([62], [65])

W=0, WeLldx), >0, drlZEili R o Lebesgue I
WD (1)~ (iv) ZEMETH 5,

(1) U0 ae [ Udz>0 st

[Clatvar < [T wdz, Y@ = 2 Cie™

2>a

(i) 2¥(2) - o8 % o DEEBEL st

= o] dx
f—w W 1+x? <

(iii) *p&H'outer, lg| =W ae. g=*0 g€ H” st

eziax |¢|

<1

o

(iv) ¢ € H'outer, lg| =W ae. st

ém%+H“H,LWHW®$ﬁﬁ®ﬁﬁT&wo

[ B] ([63])
W=0, WELYdh), diITHAME T 1~ Lebesgue
wo (i), (i) ZFEMETH 5.
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(i) U0 ae. jﬁmw>o sit.

fT |HfAPU d¢9<fT LfPW dr, Vf=‘ %}Ocne""e trigonometric polynomial

<M~L%ﬂm<w

(2]

T : ¥ALME, Z: BE5aek

do: T FoIEHAL S 7z Lebesgue il

wW(@)=>0, €L'd0)

P FRIZEK R e, P = span{e™ : n=0, €Z}

a, b7 a<—1<0<b # /21,

T: =ALHEAERO L TERSNIAEHE
U@=0 ae T

(TWab) =1{U | [1T/PU do< [ 177w a0

Y fee Pte P

—HEZ, fEDS IZMEHNEN 220, (T, W,0) L#HELZEDD 5.

EHHE T L LT, ROX) BIERFEEZZ B,

“~X Fourier 2% Bk %,

—if(k) k>0, kELZ

H : Hilbert 253 ﬁﬂ®=[A
i f(R) k<—1

~

P RIS PRG) = { Of (k) k>0

k<—1

Pr: ECZ : AL Poflk) = f(k) kEE
0 kEE
FFIZ, Pi=Pom& $ %0

Hf(t9)=p.v.fT f(t)<1+cot %) dt ETF 5,

{H 1, p.v.f & Cauchy O E &5 % EHT,

[E2 1]

W=>0, €L'd0), abEZ, a<—1 0<b
KO (1)~ il) ZFEHETH 5,

(1) (H W, (a b)+{0}
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(i) (H,W,(@b))=27U st logUELYd0)
(i) (P, W, (a, b)=+{0}

(i) (P, W,(a b))2°U st log UELYdO)
(i) Yn=0, (P W,(a0)27U,*0 ae.
(i) Yn=0, °K,: &% st

fT \PfI W d@SanT LF2W dO. ¥ FEe™ P+ p

(iv) YECP: fFRKICHDZER st e™EEIZDVT,
(Pe,W ,(a,b) 27 U0 ae.
(iv) YECP: FRKITTHDZER st ePEEIZDVT,

?(k)’ <3KEI |f|2Wd(9, Y & P ottt p

sup
cikie |

(v) inf f le®— P W do>0
feel (b+1)0 p4piad p

(vi) T e P:b—a—1k st fT lz‘;ﬁ df< oo

(vii) @€ H' outer, lp@)| = W@ ae Z¢g+0 €H~

ei(b—a—l)ﬂ% + g <1

o

s.t.

(i) (i), (i) <(i) o :

2P =1+ iH X VIS Ho B2 H, W, (a, b)) < (P, W, (a, b) \Z3EET 50
(i )’ —(iil) ER :

(i) kY, 70U, logUeELdO) st [IPFPUd0< [IfFw do

o, fT \P.PU do < ch \PAEU d6. ¥ fEe™ P+l

RV, $habb,
M=spanie™ ; b < k < n}, N/ =span{e®™ ; n+1 <k}
22T, ey < Clatyley, "zEM TyEN
e A
RN, NN = {0} Z7R T
QU=0, logU € L'd0) £V, h € H?outer st. |h'=U ae.
Beurling ®EH L), [AP],, = H?
=71, W16, (AP 2y = BLPl
APl = hH? S N
L*@O)NN: = H*: ), LdO)N[Pl,.p < H”
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IZ2oWTC, =0 st E Sspanfe™ ; 0<k<n}
& 717, fT \PefPU do < ch P fIPU dB. ¥ FEe™ P+ ™D

FREEE v, $hbb,
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e"eEXY, ‘?(b)’ < sup

citbe
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(v)—=(vi) O :
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—7, WELYdO) W 2, Schwarz DAEER LY, gWeLYdb)
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Ig*#0, €EH” st
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=

3g+0, €EH” st log(
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w1+ atw do= [ AP+l W do+2Re [ g W o
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o= (-

ib—a— 19|¢|
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¢
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2
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S (P, W (a,b)
(ii )= (vil) DFEH : P = {analytic polynomial 414}
Y ibf
2 2 fee” p
[1rtvds < [ \r+olw ao, G oD

— %I W e LYNdO) O

[Plegy D H" W Z,

VfEeMH", Vg€ e™H T IZDOWTHY O,

C DRy, WBMHERL Y,

YF & H” 2B :Blaschke product, *@=H> : {z|<1} |2 zero & #7273\,
st. F=BQo?

e = (e T = 13

o _ 1 2 1 2
i(b—a)d — il — =
‘ﬁre FWa’ﬂ‘—Ung Wd6‘<2ﬁrlf|(W U)d¢9+2fT|g| W do

-/ IFI(W—%> do

o e-anlel U )
--fTe : (@F)d0‘<fT |¢F|(1 5177 )0

{oF ; FEH"}<H' dense W %,

v 1 i(b—a)ﬁM _L)
cemn UT@ ¢Gd0‘<fTIGI<1 5170

Hahn-Banach ®%E# X 1) |

ei(b—a)ﬂ@_ i6

ey
IgeEH” st esssup <Vl
—r<O<1 1—0o
U
H =——
L. o=5y

0*0 ae. Wz, g+0

Ig*+0, EH st e“”’“’”f’%—g‘<1 ae.

PLECEsl 1 OREMIA e L 720
AEI L 72 (R ) Tadb %o

68



FEARAFENNR—=Z - )L bR OO A RIS oW T (LAKE)

(i) «— (i) (i) —  (iv)’
(i) «— (i) — (i) — (iv)
N l
(i)  — (i) — (v)
O(ii) = (v) bEDLHITFEMTE %,
6 Efeet(b+llrﬂl£+eza9]g f |€t _fl W d(9
ZOEE, 0>0 ZREIE XV,
ZIT, 0=0LET L L,

e P+ D st [ ™= £ W do—0

(i) 20, [ le"—PAUdO—0 B log U € L'(d0)

% UNFHET 5o
iU, Szego DEIIZFIET S,

O (v)—=(ii) KDL IHIFEHTE %,

(v) & e™ @[ Vpte@ D], LRAMETH S,
:@ﬁ,amw$[bmﬁwaﬂﬂﬁm&ﬁéo
E7%5, YL EMWY ORI, W52

e e[ pte M-M%] b, (v) R
LUF, JRAIIIC, e™,e V0,0 & [ o™ oo ]
L, Zhug, (i) :1’@&%&\/30

LAW)

O(vi)=(ii)" bKRDLHIZFEHITE %,

2

2
LYdO) LY, °G:outer st. Re G= % a.e.

ueH", |lul <1

pEl—l—iliR:G = —7}_?; =0 ae
+G +G
1—u 1—u
0=0 ¢ 75D, uhSinner DEFIZIE S,
16=a=18 7" |3 analytic polynomial T,
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qu qu ilb—a—1)0 r
‘H-u ‘<I|Qe|G:W a.e.ibil_k ot H!
+G —+G
1—u 1—u
SV fEe™ H™  analytic polynomial
YgEe™ H” anti-analytic polynomial
IZoWT,
Re [ fg Wdo=Re [ 1—2ReC Gy ap
T T 1+u
1-utC

< [ lrgli—ow a0
w [ Ar+aw ao = [ (177 +lol)W do-+2Re [ fg W do
> [ (P +lol)w do—2_\rgl1—o) W do

= [, @=olrA+lg)*w do+ [ (1= =o)L W ao

> [ 17 ) W do
4(Re G)<Re }iZ)
AU = 12ul W ueH”, |ld <1
‘G—F “
1—u
S(P, W, (a, b))
ReG [ 1 | Re¢ | _ 1] Rrec |
or=l1-l- > 1= 1y, > T
+e \ +G‘ \ +c\
1—u 1—u 1—u

ZDTIZONTYH, o LRBOFENER S,
Ou : not inner=log (1—p)ELYd0) %#7R7,

@’fT fgwdﬁ‘éﬁr gl (l—o)W do

fTﬁfﬁu—p)WdaHfT FEA—o W dﬁ}%{ﬁr g (1—0) W d&}%

b L, log(1—p)ELNdO) 72 51E, logWeELNdO) L V),
log(1—o)WE&ELNAD) &7 5o
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g=e@ LBk,

[t e na=ow ad <[ a0 wadf {[ a-ow ao)’

Szegd DEBE Y, YfELH(A—p)W) IZDWTHY .2,

ff (ﬁ)z(l—p)Wd6<fT (1—o)W db

fT (p(l%pp))w do=0 fT oW do=0

.'.prdﬁzo So=0 ae.

1—lu* W
1— 2 (2

1—ul" |F|
1—luf> W
1—ul |FI’

—F. o=1—

1+

Slule®|=1  ae.

uEH* XY u  inner ¥J&o
§2. p=2M& %, HEAAE_ED Helson-Sarason NDEIE

[45%8 1] (Helson-Sarason [46])
W=0, €LYdO), a<—1<0<b
KD (i)~vi) IFAHETH 5,

(i) f|Hf|2Wda<CZf FEW db, ¥ FEe™p+oap
T T

(i) f \PfEW db < K> f fPW db, ¥ FEe™p+eoap
T T

(iii) inffT|f+g|2Wa’0=rz>0, where

[i7tw do= [igw ao=1,
j‘eeibﬁ.i)Y geeiaﬁ‘%

(iv) sup Ung Wd6‘=p<1, where

[1rtw ao= [ 1w ao=1,

fEe”’gﬁ, geeiaﬁﬁ
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(v) Ze€H!' outer, lp@)|=W®) ae.
s.t.

ei(b—a—l)ﬂ%_i_Hw :p<1

(vi) € :b—a—1K, uveL"(db)

s.t. ||u||m=%—e, WO)=|TO) @+ ae.

H2, |Pll=inf K= —, oS ESP
1-p
+
%, a=—b+00Ks, |H|= i_—z Y% B,

IERA
(ii)—=(iii) : S Hs r=K™!
(ii)—(ii) : =21, Forelli [32] 2%R L7,

foegl ]S . g L_i‘
o<t Hllfll ol H<H||f|| i ||fIIH+H A Tl

! 2
<W{”f+g” + ‘”9” - ||f||‘} <W||f+g||

sAL2e 7 f +gl o K<207!
(i)<(ii) : 2P=I+iH X Y5 b
(ii)=(iv) : fE™ P, gE™PL + 25,

K*—
KZ

. 1 2 2 -
(i) Y. YieR, ¢ fT T Wd¢9+fT 9l Wa’6+2tRefog W d6>0
D2 RAEROHFR <O 2,

[ w < ST o w af o

K

(iv)—(ii) :
Lr+gl, =T+l +2Re [ fg W o
(iv) &0, =rl,+lgly—26l71, gl
>1-e)f15
(iv)—(v) :
WELNdO) XV, [Pl DH" W2, (i) 14,
VfEMH= Vg€ T |2V T R 0,
Ol YFEH®, 2B : Blaschke product, >@€H™ : (|2|<1) |Z zero Z #7272
st. F=B®? ae. T
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. l(b—a)EM
- fT eton? (gaF)dH‘Sp fT lpFld6
oEH ' outer £V, {oF ; FEH*}SH"dense W z,
4 1 l(b—a)HM
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el(b—a—l)ﬁL:;'+Hw <o<1

(v)—=(iv) :

— [git-a-D 1<9|¢’| <1

Hahn-Banach O AT EEL & D

Y 1 i(b-a)@m <
GeEH'. UTe ¢Gd6‘\prlGld6

VFEHOO, ‘fei(b—a)HF de‘gpf |F|d6 (G:§0F)
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'-_ereibejg’ vgeeiaeﬁ 2o,
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©
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Se e B t=G>() ae.
e e B = |pP=0 T ae.
TeH L), F+0 ae. T Wz,
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W>0, ELYdO), a<—1<0<b
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eV g \ = P g,
TeEH L), T+0 ae Wz, e y=7 ae
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X0, ¢% C(T) Lo OIHHETE 5, Z O, Riesz DFEILL D,
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