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Normality of Some Singular Integral Type Operators on the Hilbert Space
Dedicated to Professor Tsuyoshi Ando on his 90th birthday

Takahiko Nakazi=) and Takanori YAMAMOTO* *)

Abstract

We study the normality of ®F + W& when P is selfadjoint and @ = I — P. These results

are applied to three special cases.

§ 1. Introduction

Let L be a Hilbert space and H a closed subspace of L. Let P denote the orthogonal projection
from L to H and I denote the identity operator on L. Suppose L = H @ K and @ =1 - P where H
= PL, K = QL, and B(L) denotes the set of all bounded linear operators on L.

An operator X in B(L) is called a normal operator when X*X — XX™* = 0. For ® and ¥ in B
(L), Sow = ®P + ¥Q is called a singular integral type operator. In this paper, we are interested in
when Sov is a normal operator. In order to study it , we need two kinds of operators. The first ones
are To = POP and To = Q®Q. The second ones are Ho = QOP and Hy = P®Q. Then T4 = To,
Té = To and Hy = Hy.. Tt is clear that PSowP = To, @Sew® =Ty, @SewP = Hy and PSewQ = He.

§ 2. Necessary and sufficient conditions

In this section, we give a necessary and sufficient condition for normal Sew. As a result, we study
normal Sev when @ — A¥ = ¢l where A, ¢ € C and |A| = 1.
Lemma 2-1. Let ® and ¥ be in B(L). Then
Sow Sow — SowSew =
(Too = Tow) + (HoHor = HiHle)  (Howw = Huor) + (HoTioone = Toor
(Hy-o = How) + (TowHy: = HoTy) (T = Tow) + (Hollye = Holly)
Theorem 2-1. Let ® and W be in B(L). Then Sev is normal if and only if
(1) Two= Too, Tvow = Tow and Hyw = Haye,
) HoHy = HyHy. and Holy = HoHy.,
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3)  Tosty = Hy Ty

Corollary 2-1. Suppose ® and ¥ are normal with ¥*® = ®¥*. Then Sey is normal if and only if

(1) HoHo = HyHy. and HoHo = HoHo,

@) TosHe = HoTos.

Corollary 2-2. Let ® — A¥ = cI and A, ¢ € C with |A| = 1. Then Sev is normal if and only if

(1) Two= Too Too= Too and Hoo = Hoor

(2) CTHo= (1 =) (ToHas + Hoo).

Corollary 2-3. Let ® — ¥ = c/ and ¢ € C. Then Sey is normal if and only if

(1) Too= Tor, Tow= Too and Hoo = How

(2) ¢cHo=0

Now we will give necessary and sufficient conditions for selfadjoint Se, and nonnegative Souw.
These are easy to show.

Theorem 2-2. Let @ and ¥ be in B(L). Then Soy is selfadjoint if and only if 7o = Tyw =0
and Hoy- = 0.

Theorem 2-3. Let ® and ¥ be in B(L). Then Soy is nonnegative if and only if

(1) To=0and Tw= 0, and Ho = 0.

@ KHof, P <ITofll I Tugll (f € H, g € K).

§ 3. Two sufficient conditions

In this section two typical sufficient conditions are givn. Suppose ®, ¥ F are in B(L), and a, b
and A are in B(L). We assume @ # V.

a-b p. andW=b1+F+L%F*.1fFHcH

Theorem 3-1. Suppose ® = al + I +

then Sev is normal.

Theorem 3-2. Suppose ® = AaF + b and ¥ = aF + b where A, @ and b are in C with |A| = 1
and A # 1, and F is a unitary operator. Then Ssy is normal.

Theorem 3-3. If ® = ®*, ¥ = ¥* and ® — ¥ = ¢/ for some ¢ in C then S is selfadjoint.

Theorem 3—4. If ® = 0, ¥ = 0 and ® — ¥ = ¢/ for some ¢ in C then Sov is nonnegative.
§ 4. Necessary conditions

In this section few typical necessary conditions are given. Suppose @, ¥, f, G and g are elements
in B(L), and a, b, c and A are in C.
Theorem 4-1. Let ® — A¥ = ¢/ and |A| = 1. If Sew is normal then (®*® — ®®*) H C K and
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I'H C Hwhere T = (A - H)¥Y¥Y* + c¥P* - AcV¥.
Corollary 4-1. Let A = 1. If So is normal, then (®*® — ®®*) H C K and (¢c®* — c®) H C H.
Corollary 4-2. Let A # 1. If Sov is normal, then (®*® — ®®*) H C K and (GG*) H C H

where

_ c _ c
O =AG + - Tand ¥ =G + - I

Theorem 4-2. If Sey is selfadjoint then (@ - ®" Y H C L, (¥ -¥Y*)H C L and (® -¥") H C
H.

Theorem 4-3. Suppose Sev is nonnegative. Then the following hold.

1 @-HYHCL, Y-Y)YHC Land(®-¥Y*")HC H.

2) Te=0and Tv=0

3 K@-¥) 71 o< |TfllTwll f € H g € L.

§ 5. Special case I

Let A be a uniform algera on a compact Hausdorff space X. Let 7 be a representing measure on
X for a nonzero complex homomorphism T on A. The abstract Hardy space H” is the closure of A in
L? for 1 < p < oo and H” is defined by H* N L”. We assume that H” ={F € L” : FH* C H*}
={F € L”: FK* C K% where K* = L* © H? Then L*=H*® K Put H{ ={F € H*:
[de =0}). For$ and ¢ in L™, ® = M, and ¥ = M,. We will write Spy = S; ;.

Theorem 5-1. Let ¢ — A¢ = ¢ where A, ¢ € C and || = 1. If Sy.+ is normal then (A — 1)|¢ | +
c$ — \cd is constant.

Corollary 5-1. If L = 1 then c$ — C¢ is real constant.

Corollary 5-2. If L # 1 then S+ is normal if and only if

¢ =AaF +band ¢ =aF +b

where @, b € C,F € L and b=~ [F| =1
Theorem 5-2. S, , is selfadjoint if and only if # =@, ¢ =¢ and ¢ — ¢ = ¢ for some ¢ in C.
Theorem 5-3. Suppose |H?| is dense in [L?|. Then Sss is nonnegative if and only if #=0, ¢ =0

and ¢ — ¢ = ¢ for some constant c.

§ 6. Special case II

Let g be an inner function, that is, g is a function in H” and |q| = 1 a.e. Let H = H> © gH* K
=qH* ® (L* © H?.
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For ¢ in L”, ® = Ms, To = Ts and Sow = Ss.+ where W = M, and ¢ in L~
Theorem 6-1. Let ¢ — A¢ = ¢ where A, ¢ € C and |A| = 1. If Sy is normal then y (H* © gH?)

C H? © gH? where y=(A - 1) |92+ ¢f — Acd. If [qdm = 0 then v is constant.
Corollary 6-1. If A = 1 and Ssv is normal then (c$ — ¢¢) (H* © gH?* C H* © qH*.

If [ qdm =0 then c¢$ — €9 is real constant.
Corollary 6-2. If L # 1 and Ss s is normal then
$ =G+ bandd =G + b

where b = ¢/ (1 = A) and |G|? (H? © gH? C H? © gH*. If fqdm = 0 then G = aF where
|Fl=1and a € C.

Theorem 6-2. Suppose f gdm = 0. Let ¢ and ¢ be in L”. Then S, , is selfadjoint if and only if
¢ — ¢ belongs to gH? + gH?, ¢ =¢ and (¢ — ¢) (H? © qH?*) C H* © gH>.

Theorem 6-3. Let |[H?| be dense in [L?|. Suppose that fqdm =0and if g(H? © gH? C H*
© gH? then ¢ is constant when ¢ is in H”. Then S, is nonnegative if and only if ¢ = ¢, ¢= 0, ¢
— ¢ is constant ¢, and for f in H®> ©qgH® and g € qH*® +K*

f(s/} +o) | fPdm=0

and

‘/s/ffﬁdm‘zﬁ [@+olrtan [slgram
§ 7. Special case III

Let L =H* H=H? © gH*? (or H= gH?) and K = gH” (or K = H> © qH?, respectively). We
assume ® = 7y and W = 7, for ¢ and ¢ in L™. We write Sy.s = Sou.

Theorem 7-1. Suppose H = H*> © gH? and K = gH? or H = gH? and K = H> © gH?. Then
Ss is normal if and only if

) (T¢To - TTHHC K, (T¢To = TVTY)Y L C Hand (T¥ Ts = T T HC H

2) (TvPuTy — TsPuTé) H C K and (ToPuTy — TuPuTé) K C H.

B) (Ts-sPxTV — TsPuTi o) H C H.

Corollary 7-1. Let # — A¢ = c when A, ¢ € C and |A| = 1. Suppose H = H* © gH* and K =
qH? or H= gH? and K = H*> © gH”. Then S;,, is normal if and only if

) TiTs=T,T¢

2) eT,HC H

(3) Q0-1)T,TF —\e¢Ty) HC H.
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Corollary 7-2. If A = 1 and S, 4 is normal then 73, (¢gH?) C qH? where y=c$ —c¢.If Ais a

weaks-Dirichlet algebra then #y is real constant and 7% is normal.

Theorem 7-2. Suppose[qdm =0.Let ¢ and ¢ be in L~

(1) Let H=H? © gH? and K = gH*. Then S, is selfadjoint if and only if Ty-7 (H*> © gH?)
C qH? Ty.7 (gH?* C H* © qH? and Ty.7 (H* © qH? C H* © gH*.

(2) Let H= gH?” and K = H*> © gH?. Then S: s is selfadjoint if and only if Ty-5qH* C H?
© gH?and Ty 7 qH® C qH”.

(3) If Tw.5 (H? © gH? C gH? then ¢ — & belongs to gH? + gH? + NZ.

4) If T,.5 gH? C H* © gH? then ¢ — ¢ belongs to NZ

Corollary 7-3. Let A be a weaks=-Dirichlet algebra. Suppose [ gdm = 0.

(1) Let H=H? © gqH? and K = gH? Then Sy is selfadjoint if and only if ¢ — # belongs to
gH? + GH?, ¢ =¢ and ¢ — ¢ is constant.

(2) Let H= gH? and K = H> © gH?. Then Ss, is selfadjoint if and only if ¢ =&, ¢ — ¢ be-
longs to gH? + gH® and ¢ — ¢ is constant.

Theorem 7-3. Suppose H = H*> © gH*? and K = gH®? or H= gH” and K = H> © gH”’. Then

Ss.¢ 1s nonnegative if and only if for f in H and ¢ in K, f( T, ) }dm =0, [( T,9) gdm = 0 and

[ paaml< [ x5y Fam [ (Tagam.
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