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1. F X

SEWO0TH D L) REEREEOES GCOEEDOIL Xy, ., XulZDOWT, ZO 1 REAEY N
Gauss 731 :

b
Pusy<w=z%7feﬂmwy

WL s AHEX, Gl Gauss @B TH S &9, (cf H Dym and H.P. McKean [17]) 7272 L
V=E{Y?) ThHr, 2Ot X,

IvI={E(Y?}"*

& LT G2 Hilbert 202 B AL, 2D X912 TT&E7 Hilbert 2% F Uids G TF
To GIEEZNHY Gauss BTHAH L, TOEHTZEMED Gauss BTH 5. G D 2 DDFR42E/H
At BOMoOMVEZAwEE LT, A& BA% 3 A cosine:

ci=supremum of £(XY) for X€EA and Y EB of length<1
Wb Gauss B G DEEDITCHEEHD/NT A =% 125 0) X(t) LFEENTWELEET L, L
P(mt 1ai X(ft+T)<b))

WIRAF L e\ H1E, G Ay AREFEEFREE LI EN S, UFTlE, GOAXRZ MVE
B W Thra %2 b,
LAW) 6 HAW) ~OHAEHFE % P THL, Q=I—PLEDL, ZDE X,
P( i anz”)=ianz",
n=0

n=—oo

Q(ﬂimanz ”) = niwanz"
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B LD HIZ, LAW) 5 LAW) ~DO > 7 MiH#EZ U TK¥T. 2ok X,
U (ngwanz”) = ngwanz w
B D, DL E, S=UIHAW) LED 5,
S (éoanz ") = éoanz e

RO RRTASH
B2, W MESEMIC LICS LWERBEO & &, HA(W)=H? LXW)=L* %) 7.2,
Beurling DTEE ROERN R 720,

{ECH?% E isnot S’ —invariant but S—invariant} ={gH % ¢ is an inner function}.
Wiener DEIE  KOEAD %D 720,

{(ECL%* e"E=E}={yaL* A is a measurable set of T}.
Sarason DEE WELEH ¢ 123t LT N=H?0qH? LD b, TDEE, ROEXN %D 72D,
{AEBWN): SA=AS)={Ty. e H~, | Al=I11..}
(cf. [2], [5), [7], [8], [14]. [27], [35], [36], [41], [42], [44], [50], [51], [52], [56], [61])
2. ¥TVavMtE—-Yar ERBABER

In this section, we use the Helson-Szegé type set (HS)(r) to establish the condition of @, b, ¢ and d
satisfying [|Afl,=B/f], for all f in /2. The main theorem is Theorem 2.4. If @, b, ¢, dE L™, then this
is equivalent to that B is majorized by A on L% ie, A’”A=B Bon L ie., |Afl,=|Bfl, for all fin
L2

It is well known that the Helson-Szego set

(HS)= {e””; u, vEL" are real functions, and |7, <%}

is equal to the set of all Muckenhoupt (As)-weights (cf. [5, p.254]). For a function » satisfying

0 <7 <1, we define the Helson-Szegt type set (HS)() as follows.

(HS)(7)=1{ye"*": y is a positive constant, «, v are real functions,

uELL vEL” W< 7/2, rie*+e < 2cos v}
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Remark 2.1. If [v|<7/2, then e’cos vEL" (cf. [5, p.161]), and hence e “cos v&L*. Therefore
HSNAW: W>0, r*WeL', W'eL. If » *€L", then (HS)(») C(HS). In [10], we defined the
another Helson-Szegt type set which is similar to HS(»). If »>0, then W is in (HS)(») if and only if
W =7ye""" where 7 is a positive constant, %, v are real functions such that there is a function ¢

satisfying 1<t<r7! ||<cos™ (1) and |« +log 7| <cosh™ (1.

Theorem 2.2. Igl=W 5> [ (gl—W)dm>0 & L
r=lgl"VIgl'— W*

LEDD, TODEE, UTOFMHFIEHENIZFETH .

(1) There is a & in H* such that |[p—A<W.

(2) There is a non-zero & in H* such that |¢—kl < W.

(3) log |#|EL* and there are real functions #SL" and vEL", |o| <7/2 such that e *"? is in H?
and 7%e“+e < 2cos v.

(4) log|glEL* and there is a V in (HS)(») such that ¢/V is in H2

Theorem 2.3. & L | —WilW=0 7512, DTFOLRERECIZFAETH 5.
(1) For all (PA)ERP, and (Qf) EL,,

f \PA W+ 1QF We
T 2

[P @A pdn|< am,

(2) Wi, W and ¢ satisfy (2.1) or (2.2).
(2.1) Wi=0, W>=0, and g — Wi W, =0.
(2.2) loglplEL?, W1=0, W.>0, and there is a V in (HS)(r) such that ¢/V is in H"? where
r=18l" gl — Wi,

In Theorem 2.3, if |¢|"— Wi W><0 then

[ (r@ABdn < [ (A m

< [IENQ@W W Wadm

2 2
éf'Pﬂ Wi +1Qf] Wzdmy
o 2

and so (1) holds without the condition (2).
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Theorem 2.4. LT OLEFIIHEWIZFEETH %,
(1) For all fin P,

[JaPH+5QrF dm= [ ltPr)+d@r) dm

(2) a b, c dsatisfy (2.1) or (2.2).
(2.1) lal=Icl, |61=|d|, and ad— bc=0.
(2.2) log ’al;—cg’ELl, lal=1cl, |61 =1d]|, log |a5—c3|EL1, and there is a V in (HS)(») such that
(ab—cd)/V is in H"? where rZIad—bCI/‘aZ—cc?’.

Let W be anon-negative function in L* such that ﬁr Wdm>0.Let L*(W) be the weighted Lebesgue

space with the norm

U= [ W)

Corollary 2.5. & L A=aP+bQ 7> B=cP+dQ 7 51X, WTFOEMIEHEWIZFEMETH 5,

(1) B is majorized by A on L*(W), ie, A"”A=B'B on L*W), ie, lAfl,,=|Bfl,, for all f in
L¥W).

(2) There is a contraction C on L*W) such that B is factorized as B=CA.

(3) a b, c dsatisfy (3.1) or (3.2).
3.1) (al=lch W =0, (6l—la) W =0, and (ad —be) W =0.
(3.2) log |a5—63’W€L1, lal=lc|, |6|=1dl, and there is a V in (HS)() such that (ag—cg) 14A%

is in HY? where r=|aa’—bc|/’a§—cc7|.
3. MIMEFBER EEREEELERE

In this section, some applications of Theorem 2.4 are given for contractive and bounded singular

integral operators on weighted L? spaces.

Corollary 3.1. LT OEMFITEVIZFEETH %
(1) aP+5@Q is contractive on L*W).
(2) @, S and W satisfy (2.1) or (2.2).
(2.1) max (o, [B)W <W and la—BlW =0.
(2.2) log|1—aB|WEL", max (al|8) <1, and there is a V in (HS)(") such that (1—aB)W/V is
in HY? where r=|a'—,8|/|1—a/§|.
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Corollary 3.2. ([10]) UTFOLEMBIEHWICFEMETH 5.
(1) aP+jQ is bounded on L*(I¥).
(2) a B and W satisfy (2.1) or (2.2).
(2.1) le—pW=0.
(2.2) There are real functions «, vEL*, and positive constant e such that W is in (ZS)(»),
where »=¢la—fl.
(3) @, B and W satisfy (3.1) or (3.2).
(3.1 le—BlW=0.
(3.2) There are real functions «, vEL", and a positive constant y such that W=e**?, [o|<7/2,

le— A" <ycos v, and e *<ycos v.
Corollary 3.3. ([10]) UTOLEMHIZHEWICFEMETH 5,
(1) For all fin 2,

f A2 Wdm = f \PFIEUdm.
T T

(2) log WELY, W=U, and W is in (HS)(») where »=/U/W.

Corollary 3.4. (Koosis) AT DOFMFIZHIZHEETH 5.

(1) There is a non-negative function U in L* such that fT Udm>0 and for all f in 2,

[\t wam= [P Udm.
T T
(2) There is a non-negative function U in L! such that log UEL" and for all f in 2,
[\t wam= [|pstvdm.
T T
(3) Wlisin L.
4. KEBARETICERCEERBSERAZER

In this section, some applications of Theorem 2.4 are given for expancive and bounded-below

singular integral operators on weighted L? spaces.

Corollary 4.1. LT OFEBIZHWIZFEETH %,
(1) aP+5Q is expancive on L*W¥).
(2) @, S and W satisfy (2.1) or (2.2).
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(2.1) min (el|B)W =W and la—BlW=0.
(2.2) log |a/,g—1|WEL1, min (a, [8) =1, and there is a V in (HS)(») such that (1—aB)W/V is
in ' where r=|a'—,8|/|a/,§—1|.

Corollary 4.2. VT OFRMIIHENIZFEETH %,
(1) aP + BQ is bounded-below on L*(I¥).
(2) @, S and W satisfy (2.1) or (2.2).
(2.1) There is a positive constant € such that min (o, |3)W=eW, and |le—B8/W =0.
(2.2) There is a positive constant € such that log |CL’E—8| wWell, o™, 7*EL" and there is a
V in (HS)(7) such that (@B—e)W/V is in H"? where r=lo—Ble/|aB —é].

Corollary 4.3. MFO&MHEECIZAETH S, 2L, [|8dm>0 £F 5.
(1) There is a constant € >0 such that for all £ in .2,
2 2
ﬁr (P +BO) fWdm=e ﬁr \PFEWam.

(2) loglaBlWeEL" lal=|c| and there is a V in (HS)(») such that ab/V is in HY? where r=|c/dl.

Corollary 4.3 A. LFOEMIEHWICHEETH 5, 72721, fr|bc|dm>0 3%,
[laP+6@ s dm= [|cPram.
(2) loglablELY, ld|=|c| and there is a V in (HS)(») such that ab/V is in HY? where »=|c/d|.
Corollary 4.4. LT OEMITHWIZFEMETH L, 72721, ﬁr|a—6|d741>0 LT 5,
(1) aP + BQ is contractive on L%

(2) log [1—aBldmEL", max (l|8) <1, and there is a V" in (HS)(r) such that (1—aB)/V is in H"?,
where r=la—Bl/|1—cB].

Corollary 4.5. VT OEMITHEWIZFEMETH L, 72771, ﬁrla—bIde>O ET 5,
(1) For all fin 2,
ﬁr I Wdm= ﬁr (@P+ Q) Udm.

(2) log |W—abU|EL", max (f’, |of)U < W, and there is a V in (HS)(r) such that (W—abU)/V is
in HY? where r=|a—bly WU/|W—a5U|.
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Theorem 4.6. DT OLMEIZHEWICEETH B, 72751, j;rlbcldm>0 LT 5,
(1) For all fin P,

ﬁr\(aP-l— b@)f|2deZﬁr|(CP+dQ)f|szm.
) ld*W=|cl’U, oW =|d’U, and there is a positive function V in (HS)(») such that
(aEW—CEU)/V is a non-negative function in A% where rz=|ad—bc|2WU/|a5W—cEU‘Z.

Corollary 4.7. LT OEMZHEWVIZFEETH b, 72721, ];F|a'|a’m>(), lel<1 &35,

(1) For all fin P,

2 2
[lepstwams [\t wam.
(2) There are real functions %, vEL", and a positive constant 7 such that W=ye*" |s|<7z/2, and

lof*e*+e~*<2cos v.

Theorem 4.8. DT OLMEIZHEWICEETH S, 72751, j;rla—bldm>0. LT 5,
(1) For all f in 2,

fTKaP-I— bQ) fldm Sﬁr|f|2dm.
(2) max (al|o) <1, and there is a positive function V in (HS)(») such that (1—ab)/V is a non-

negative function in 22 where »=|a—bly WU / |W—05U |

Corollary 4.9. LT OE&EBIZH WIZHEMETH 5, 7272 L, ﬁrlad—bcldm>0, lal=1cl, 18] =]dl,
ab—cd=>0 LT 5,
(1) For all f in 2,

ﬁr|(aP+bQ)f|2deﬁr|f|zdm.
(2) max (|, |6) <1, and 1—abd is in (HS)(), where rz=|a—b|2/|1—a5‘2.
Theorem A. (Cotlar and Sadosky) PLFOEMIEHEWIZFEHETH 5o
(1) For all (Pf)eP; and (Qf)EP,,
JUPF W+ QAP Wot-2Re (PAQFISYdm =0

(2) W1=0, W»=0, and there is an k€ H" such that |¢— k< Wi W,
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Theorem 4.10. LT OEMEIZHWICFEETH 5, 727751, q52—Wleanndﬁr(¢2—W1W2)dm>
0&d 5,
(1) For all (Pf)EP: and (QF) EPs,

[APA W+ IQA W+ 2Re (PATQA))dm =0,

(2) W1=0, W>=0, and there is a positive function V in (HS)(») and non-negative constant y such
that ¢= 7V, where »=(¢|*— W, W5)/|4|"

Let m be a normalized Lebesgue measure % on the unit circle T. Let @, bEL"=L"(m) satisfy

la—8|>0. Let we L'=L"(m) satisfy w>0. The Riesz projection P and @=7—P can be written as
+ —_
P:%, Q:%, where

_ 1 fk

T mlrz—¢

(SAE) dz,

in the sense of Cauchy's principal value integral, where ¢ET, and fEL*. Hence P+®@=I and
P—Q=S5.Let f denote the harmonic conjugate function of . Then f=—i(Sf— (0)), where £(0) is
the 0-th Fourier coefficient of f.

For 1<p< oo, L(w)-norm is:

A=, = [ 20m)

If p=2, then we write I|/1,=71,.,

| Helson-Szeg theorem | (1960)

1P£1,<clAl,, (for all £), for some positive constant c.

Y . . .
& dzst(h, H )< 1, where % is an outer function satisfying w=h ae.

& There are real functions «, vEL, [v|<x/2 such that w=exp («+7) ae.

| Widom-Devinatz theorem | (1960)
Let e|=1 ae. Then

(1) eP+Q)fl,=elrl,, (for all f), for some positive constant e.
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< distla, H?)< 1.

(2) aP+@Q has a bounded inverse operator on L2
& There is an outer function % such that le—#l, <L
& There are real functions u, vEL% |0|<7/2 and a complex constant 7,|y|=1 such that

a=yexp ((i+0)) ae.

| Hunt-Muckenhoupt-Wheeden theorem | (1973)
Let 1<p<oo, Then

1PA, , <clfl, ,(for all £), for some positive constant c.

Ssupr (%ﬁwdm)(%]lw_l/@_”a’m)pﬂ< o

| Rochberg theorem | (1977)
Let 1<p<co, aeL” weE(A,). Then

aP+@ has a bounded inverse operator on L*(w).

& There are real functions UEL™, VEL! and a complex constant 7)yYl=1 such that

wexp (%V)E(Ap), a=yexp (U—iV) ae.

| Cotlar-Sadosky Theorem | (1979)

Let ¢ be a constant satisfying c=1. Then
ISA1,, <cll A1, (for all £). )
< There is a kK€ H* such that |w—k|2£<1—< 2c ) )w2 ae.

c?+1
& There are real functions #,0EL* such that w=exp («+ 0+ const),

s . 2c [P
Ivlgg—arcsm (7) || <cosh 1(

+1
11 o¢ Cosv)ae. where

cosh™ x=log (x+yx?—1).

| Nakazi theorem | (1993)
1<p<co gL we(d,) &T5,
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(1) Let % be an outer function satisfying w=|Al" a.e. Then
laP+Q) A1, ,=elfll,,,for all £), for some positive constant &.
& There are functions % and ao such that a=k(h/ﬁ)ao ae. where k7 'EH”, =1 ae, and

l(@oP+ Q) f1,=el /1, (for all £), for some positive constant e.

(2) There is an inner function ¢ such that gaP+@ has a bounded inverse operator on L?(w).
= |@P+ Q) A, ,=ellf,,, For all f), for some positive constant e.

If p=2, then the converse is also true.

Let @, bEL", and let ¢ be a positive constant. Then we consider the positive function w in L'
satisfying [[(@P+ Q) 1, <l f1l,,(for all f).

Let |a5—c2|>0 ae, and let

(a—b)c

p— 2

d.= dc(a, b) =

ab—c
Since
laP+ 6@l 5,2, < c=max (dl, [b) <c ae.,

we have |di(a, b)| <1 ae. If max (dl, |6)) <c ae. then
2

k <1—d?ae.

laP+6Ql 2, <c © There is a k) SH" such that |l —7—=—5—
B(L2(w)) 2
(ab —c )w

If @, b are complex constants, then

1
c=|aP+ bQHB(Lz(w))idc(a,b) Zm

Hence we have the Cotlar-Sadosky's result:

2c 1
c= ||S||B(Lz<w)):>C: [P— Q”B(sz)):}dc(ly ) zczﬁ:m.

Theorem 4.11. DT OLEMFITIHEWIZFEETH %,
(1) aP+b A, <cllf,, (for all ).

(2) There is an inner function ¢ and real functions t, L', v&L~ such that

=|abl_cz|exp w+o+0 ae., ]ZZ::]:qexp (i7) ae.

T ) _
|v|£§—arcsm d: ae, die'+e “<2cosv ae.

10
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(3) There is an inner function ¢ and real functions tEL* v L%, uo such that

1 . b—c’ 7
wZMexp (wot+o+1 ae., ﬁ:qe?{p (iz) ae.,

T

|v|£ 9

. _,[cosv
arcsin d; ae, |u<cosh™ ( | ) ae.
c

Theorem 4.12. DI T OB H WIZHME T 50 7272 L la—8>0 ae, max (a|o)<c a.e,
’ag—c2’>0 ae &1 5,

2

exp (—s)’ag—cz|wEL1, yexp (15)= ab ae.

|ab — cz|
Then (1)~ (3) are equivalent.

(1) leP+oQ)f1,<clrl,, (for all £).
(2) There are real functions «EL", vEL* such that

w=1=——rexp (u+v+s+const) ae.,
|ab —c |
s . _
|| <5 —arcsind; ae, d2e*+e “<2cos v ae.

(3) There are real functions v&€L~, « such that

1 .
wzmexp (wo+0+s+const) ae.,

r_

2

[s|<5—arcsind, ae, |u<cosh™ (COS v) ae.

de

Theorem 4.13. L F O LM E WIZFAMBETH 5o 7272 L la—8>0 ae, max (d,[0)<c a.e,
abEH", ab+c* L3 5,

D) l@P+b)f1,<clfl,, (for all £).

(2) There are real functions «€L", vEL" such that

w=exp (u+0v+const) ae,

s . _
|v|§§*arcsm deae, die"te"<2cosv ae.

(3) There are real functions vEL*, uo such that

w=d; exp (uo+v+const) ae.,

11
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. _,[cos
|v|£%—arcsm d; ae, |ul<cosh™ ( d U) ae.
C

By Theorem 4.14, we generalize the next result. Let ¢>1, and let W(Z):W. Then
z—c

(2—2)w= E€H' Hence,

cl—z
IEP+Q AL =cA AL — (2= D(IPAL+IQA)
<c¥ 12 (for all f).

Theorem 4.14. LT O LT HWICFME TH %0 7272 L la—0>0 ae, max (d|o)<c ae,
abeEH” ab*+c® L35,
(1) leP+o)f1,<clAl,, Cor all f).

(2) There are realfunctions #EL* vEL" such that

w= zexp (u+ov+const) ae.,

|ab—cz|

Fid . _
|| <5 —arcsind; ae, die*+e “<2cos v ae.

(3) There are real functions ¥&L~, u, such that
wzéexp (uo+0+const) ae.,
la—b|- |ab —cz|

r_

2

[s|<5—arcsind, ae, |ud<cosh™ (COS v) ae.

de

Let € be a positive constant, and let ¢, b€ L. Then we consider the positive function w in L*

satisfying
leP+0Q) 11, = ell £, (for all £).

Let [ab—e?>0 ae. and let

(a—b)e

dsla, b)=

ab—e?

Since
l@P~+bQ) /1, =ell/1,(for all /)=min (dl, |b)=¢ ae.

it follows that |de(@,6)| <1 a.e. Hence, if min (|, |o) =€ ae., then

12
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[@P+06Q) 11, =el A, for all f)

< There is a kK€ H* such that
2

B c1—dzae (ct[81, [9], [13]).

- (ab—eHw

\ Theorem 4.15.

UTFTOLEMBIIHWICFEAMETH b, 72721 la—06>0 ae, min (4, |o)=¢c ae,
‘a5—52‘>0 ae. &3 5,
(1) aP~+b)fIl,=el /1, (for all f).

(2) There is an inner function ¢ and real functions ¢, «SL*, v&L" such that

y b—e?
exp (u+o+1) ae. K

"l e e 2

T . _
0] <% —arcsind: ae, dée"+e ™ <2cos v ae.

(3) There is an inner function ¢ and real functions tEL* vE L%, 1 such that

w=$ex (wo+ov+1) ae a i
Ia—bl D %o €., |a

b—e ~
T="—"7=qexp (it) ae,
5 _82| gexp (it)

T ) _,[cosv
o —arcsind: ae., |etol <cosh ™ ( ) ae.

<
ol < 4

Theorem 4.16 | LT D G I H W ICHMETH o 7272 L la—b/>0 ae, min (d,[6)>e ace.,
lab—e?>0 ae. & L sEL' X complex constant 7, ly1=1 A3 E LT

2

exp (—s)|a5—£2|wELl, yexp (i§)=|az2 ae.
ab—e
FELTWDL I ER2RET S,
(1) laP+0Q)f1,=ellfl,, for all f).
(2) There are real functions «EL", vEL* such that
w=12|exp (u+0v+s+const) ae.,

|ab —€

r_

o] < 5 arcsind: ae, dfe*+e <2cosv ae.

(3) There are real functions v&EL %, u such that

1 ~
W1, —p[EXP (uo+0+s+const) ae,

13
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s . _,[cosv
g—arcsmde ae, |u/<cosh 1( 5 )a.e,

€

ol <

By Theorem 4.17, we generalize the next result. Let 0<e<1, and let

2

w(z)=

Since

(z—ez)wz (2_71)(52_ 1) _ —(1 _22)2 EHI,
zZ—e¢ 1—e*z

it follows that

l@P+Q) AL =1+ 1 =) P, +IQAL) = 411, for all £).

\ Theorem 4.17. \ 0<e<l, @, cEL>, Na—b>0 ae, min (|, |6)=¢ ae. & L ab % non-constant

inner function satisfying

2

72
ab—e well

ab—1
E3h, 2D E aP+0Q 13 unbounded operator TH Y, LT OLEMIZHEWIZFEETH 5,
(1) eP+oQ)f1,=el A, for all f).

(2) There are real functions #EL* v&L"~ such that

ab—1[

2

= exp (u+o+const) ae,
ab—e

Ps . _
|| <% —arcsin d: ae, dfe*+e "<2cosv ae.

(3) There are real functions v&L", uo such that
— 2
51 (to+v+const)
w=—-"——"——exp (uo+0v+const) ae.,
|a*b|'|ab*ez| ’

r_

2

. _,[cosv
[|<S—arcsin de ae, |uo<cosh 1( 7 ) ae.
&

[ Theorem 4.18. | & L le—8|>0 a.e. Td V), @b #* non-constant inner function T& % % & 1
aP+bQ 1% not bounded-below in L*w) T& %,

Theorem 4.17 has the following equivalent formulation. For «, b, ¢, dEL", the condition (1) of

Theorem 4.18 implies that B is majorized by A on L? ie, A’A>B B on L*W), where

14
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A=aP+0bQ and B=cP+dQ.

Corollary 4.19. We(HS) & L a, 813 complex functionsin L* TH V) lo]=|8 2L LT 5 &
5, Z0LE, LTOFRMFIEVIZFEETSH S,

(1) aP+5Q is bounded-below on L*(W).

(2) ¢7'€L", and there is a V in (HS) such that «W/V is in H"%

Corollary 4.20. LLFOGEMHFIZHENIZFETH 5.

(1) There is a non-negative function U in L* such that for all £ in 7,
[\ Udm= [|PAwam.
T T
(2) There is a positive constant 7 and real function v sastisfying |o|<7/2 and W <ye’cos .
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