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Precision improvement by polychromatic illumination
in displacement measurements of objects based
on fractal speckle

Jun Uozumi*

ABSTRACT

In displacement measurements of objects with optically rough surfaces using speckle
intensity distributions, fractal speckle patterns offer the potential to significantly extend the
measurement range due to the power-law behavior of their intensity correlations. However, a
major drawback of this method is that measurements become unstable at large
displacements due to increased statistical fluctuations. To overcome this problem, this paper
proposes the use of polychromatic illumination and the detection of speckle intensity
distributions at multiple wavelengths. By observing a sufficient number of speckle patterns
across different wavelengths, statistical fluctuations can be averaged out, thus improving
measurement stability in the long-displacement regime. Theoretically, for a sufficiently rough
surface, using N wavelengths can reduce statistical fluctuations by a factor of 1/ /N. In
practice, however, the actual reduction depends on both the number of wavelengths and the
surface roughness of the object being measured. These dependencies and conditions are

analyzed through computer simulations.

1. Introduction

In some applications of speckle, spatial correlation properties play a crucial role in their underlying
principles.!™ For such applications, it is beneficial to engineer the speckle field to exhibit long-range spatial
correlations. One approach is to generate speckle intensity distributions with fractal characteristics, since
fractal intensity patterns inherently exhibit long-range correlations that follow a power-law decay.*® An
example of such a fractal speckle pattern is shown in fig. 1. This image was obtained through computer
simulation, assuming that coherent light with a wavelength of 550 nm is incident on a rough surface whose
roughness exceeds the wavelength, resulting in the speckle pattern observed in the image plane. The
properties of fractal speckles, both in the diffraction region and in the image plane, have also been extensively
investigated by the author and his colleagues* 9 As is seen in fig. 1, fractal speckles do not have a definite
grain size but consist of wide range of grains from very tiny ones to large scale clusters, and the size
distribution of grains or clusters obeys a power law. This property gives rise to a power-law spatial
correlation of the speckle. Therefore, fractal speckles have a possibility to improve measurements based on
spatial correlations of speckles.

As an example, fractal correlations have been shown to extend the measurement range in object
displacement measurements using speckle patterns.!”” However, displacement measurements with fractal
speckles suffer from decreasing precision as the displacement increases. This is because the number of
speckle clusters decreases with the cluster size, leading to insufficient statistical averaging at large
displacements, as observed in fig. 1.

* Professor Emeritus, Hokkai-Gakuen University
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Figure 1 Fractal speckle pattern generated by simulation in the image plane of a
rough surface illuminated by coherent light of the wavelength of 550 nm.

To overcome this limitation, we propose the use of spatially coherent polychromatic illumination to
enhance the statistical averaging effect. The statistical properties of speckles generated under polychromatic
illumination have been extensively studied in the context of fundamental research,® 2 surface roughness

24-28) 2930 and so forth. Among the above, the concept of

measurements, and speckle reduction techniques,
using polychromatic illumination to enhance statistical averaging is basically related to the techniques of
speckle reduction.

It is well known that, under monochromatic illumination, when a sufficiently large number of scattering
elements contribute to an observation point, the resulting speckle pattern becomes Gaussian, and its statistics
are independent of the standard deviation of the phase modulations, provided these modulations exceed
273432 In contrast, under polychromatic illumination, the speckle field exhibits significantly different
properties, including continuously varying statistics, even when the phase modulations exceed 27.182 This
distinct behavior of polychromatic speckles offers a prospective approach to improving the measurement
precision in displacement measurements based on fractal speckles. In this paper, we investigate this approach
through computer simulations and demonstrate its effectiveness in reducing the precision degradation

observed at large displacements.

2. Optical configuration

To utilize fractal speckles for displacement measurement, the speckle pattern must be observed in the image
plane of a rough-surface object acting as a diffuser. Accordingly, we assume a double-diffraction optical
system, as illustrated in fig. 217 A transparent object with a rough surface is placed in the object plane, and it
is illuminated uniformly and normally by spatially coherent polychromatic light. Then, the complex amplitude
Uy of a single wavelength component just after the object can be expressed as

Uo(ro: A)=exp[¢(ro: )], 1)

assuming that the incident complex amplitude is unity. In eq. (1), #o=(xo, ¥o) is the coordinate in the object
plane, 1 is the wavelength of the incident light, and ¢(7y; A) is the random phase produced by the rough
surface and is given by
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Figure 2 Double diffraction optical system assumed in the simulation. A rough-surface object is placed in the object
plane and a filter with power-law amplitude transmittance is located in the Fourier plane.

¢(ro; A)=Fk(n—1)h(r), 2

in which 2=2n/1 is the wavenumber, 7 is the refractive index of the rough-surface object, and % () is the
random height function of the rough surface.’"’ By placing a filter with power-law amplitude transmittance in
the Fourier plane of the optical system, the speckle pattern observed in the image plane acquires a fractal
intensity distribution. Such a power-law filter can be implemented using a spatial light modulator based on a
liquid crystal module or even antique photographic film.

In this optical system, the wave propagation from the object plane to just before the Fourier plane is
described by

U'(r';/l)=ﬁ fj:oUo(ro;/l)exp(—i%r“ro)dro, 3)
where U'(7; 1) is the complex amplitude in the Fourier plane, ' =(x, v') is the coordinate in this plane and £ is
the focal length of two lenses. The propagation of the wave of the single wavelength from the Fourier pane to
the image plane is then expressed by

o= U P e ( - l'%ir.r') ar, @)

in which U(r; 1) is the complex amplitude in the image plane and »=(x, y) is the coordinate system in this
plane. In eq. (4),

F(r)=74""" (5)

is the amplitude transmittance of the power-law filter placed in the Fourier plane and ' =|#|. D in eq. (5)
stands for the exponent of the negative power function as the intensity transmittance, and lies in the range
1<D<2Y

In this configuration, the speckle intensity distribution 7(z, &; 1)=|U(r, &; 1)) is recorded, where & is
introduced in the arguments of U and [ to represent the displacement of the object in the xy direction within
the object plane. The correlation coefficient between the intensity distributions before and after displacement,
namely /(r, 0; 1) and (7, &; 1), respectively, is calculated. The resulting intensity correlation function C;(¢; 1)
characterizes how the speckle pattern changes with displacement & and it is observed to decay according to a
power law 7% where this power-law behavior arises from the fractal nature of the speckle pattern.!”
Accordingly, the displacement distance & can be determined from the measured correlation coefficient.

In this measurement system, the exponent a of the negative power function of the intensity correlation is
related to the exponent D by

a=2(2-D), (6)
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and, therefore, lies in the range 0 <a < 2. The fractal dimension D, of the speckle pattern is known to be given
by D,;=2D—-2%

Since this method relies on variations in speckle patterns produced by different illumination wavelengths
to reduce statistical fluctuations, it is necessary to separately detect the speckle pattern corresponding to
each wavelength component. This can be achieved either by using multi-wavelength illumination and
simultaneous detection for each spectral component, or using continuous polychromatic illumination
combined with a spectroscopic imaging system for wavelength-resolved detection.

3. Simulation method

As the height distribution function 7% (ro) of the diffuser, a two-dimensional array of 1024 X 1024 pixels
consisting of zero-mean Gaussian random numbers with a standard deviation g;, is generated. A sample set of
diffusers is prepared by generating one hundred statistically independent random number arrays of this type.
The standard deviation of the random phase produced by the diffuser is then given by eq. (2) as oy=27 (2 — 1)
oy/A. In the present simulation, the refractive index of the diffuser material is assumed to be 7= 1.5, which
yields

09="1" O (7)

The integrals in egs. (3) and (4) are evaluated using two-dimensional FFT. In the coordinate systems in

the two Fourier transforms, the spatial frequency vectors are defined as
, A B = 1 r

=011 YAV and f= (fx,fy)=7f(x,y)=7, 8)
respectively. However, in the calculation of the correlation function, the spatial frequencies are treated as
position vectors # =(r, ") and »=(x, v), respectively, by neglecting the factor 1/(4f). This simplification
corresponds to ignoring the effect of wavelength-dependent scaling of the diffraction pattern in each optical
Fourier transform. Since the observation is performed in the image plane of the object, the final image does
not exhibit wavelength-dependent expansion. Thus, ignoring the factor 1/(1f) does not affect the result. This
is due to the cancellation of the wavelength-dependent scaling effects through the two successive Fourier
transforms.

On the other hand, the power-law filter placed in the Fourier plane is affected by the variation of
wavelength since its effect appears in the image plane through a single Fourier transform. Specifically, the
field of a longer wavelength scattered from the object into the image plane experiences the power-law filter as
narrower than that of a shorter wavelength. Expressing this effect by a wavelength-dependent scaling factor
c(A), the filter function can be rewritten as

F(r'): [C(A)r']*D/Z — C*D/Z(A)r'*D/Z. (9)

Due to the property of the power functions, scaling the coordinates is equivalent to multiplying the function
by a wavelength-dependent factor, which appears in the intensity of the observed image. However, since the
intensity correlation function is normalized by its value at the origin, the effect of this factor is eventually
eliminated. Therefore, the wavelength-dependent scaling of the filter function does not need to be considered
in the simulation. For the same reason of the normalization, the factor in front of the diffraction integrals is
also ignored.

The simulation is carried out as follows. Firstly, the intensity distribution /(7 0; A) of the image speckle
pattern of a single illuminating wavelength A is calculated using a 512 X 512 pixel region located at the right-
central edge of the diffuser array. This corresponds to placing a rectangular aperture of size 512 X512 over
that region of the array. Next the aperture is shifted one pixel to the left, corresponding to translating the
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diffuser by £=1 in the xy direction, and the intensity distribution /(r, &; 1) is calculated. From these two
intensity distributions, the correlation coefficient is evaluated. By repeating this translation step, increasing &
up to 512 pixels, the intensity correlation function C;(&; A) is obtained. This correlation function is computed
for each diffuser from the sample set of one hundred statistically independent random arrays for six different
roughness values g;,=2.5, 5, 10, 20, 40 and 80 um. Although a sample size of one hundred is not sufficient for a
Monte Carlo simulation of this type, a much larger sample is impractical due to the extremely time-
consuming nature of the simulation process which involves repeated translations of the diffuser.
Nevertheless, even with the current sample size, several important properties of the proposed method can be
demonstrated.

For the illuminating light, we assume the visible spectrum in the range 380 < 1 < 720 nm. A set of N
wavelengths, equally spaced within this range, is used for polychromatic illumination. Simulations are carried
out for three values of N=20, 40 and 80. In the calculations, each wavelength obtained by this equal spacing is
rounded to the nearest integer value. For monochromatic illumination, a representative wavelength Ao=550
nm, corresponding to the center of the visible spectrum is used. An example of the fractal speckle pattern
generated using this wavelength is shown in fig. 1.

From the intensity correlation functions C;(&; 1) obtained through the above procedure, the standard
deviation o¢ (&, A¢) of the correlation C;(&; A¢) generated by A is calculated. This quantity characterizes the
statistical variation caused by different realization of statistically independent rough surfaces. In addition, a
wavelength-averaged correlation function (C7(&; 1)), v is evaluated, where (-); y stands for averaging over
N wavelengths. The standard deviation o¢c), ,(£) of this averaged correlation calculated from the 100 diffuser
realizations is then obtained. The ratio o(c), v(£)/0c(E; o) expresses the extent to which polychromatic
illumination suppresses statistical fluctuations as a function of £. By averaging this ratio over a certain range
of ¢, the suppression degree is finally obtained as R(N, 0;)= (a(c), v(&)/ac(&; Lo))e, where ()¢ denotes the
average over the selected range of &. This quantity characterizes the effect of polychromatic averaging in
reducing statistical noise for each combination of N and ogy,.

4. Results and discussion

Two examples of fractal speckle patterns simulated in the image plane under polychromatic illumination with
N=10 wavelengths are shown in figs. 3(a) and (b). In these simulations, the surface roughness of the object is

(a) (b)
Figure 3 Polychromatic speckles generated by the illumination with N = 10 wavelengths and surface roughness of
(@) 0.5 ym and (b) 5 pm.
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assumed to be (a) 0.5 um and (b) 5 um. The color speckle patterns presented in figs. 1 and 3 were generated
following the simulation procedure described in the author's previous paper®. As observed in fig. 3, when the
surface roughness is small, speckle pattern produced by different wavelengths are nearly identical, resulting
in an almost white polychromatic speckle pattern. However, when the roughness becomes sufficiently large,
different wavelengths experience different phase modulations, leading to visibly different patterns, and giving
rise to a colorful composite image. These results suggest that, by employing an object with a sufficiently large
surface roughness and illuminating it with a sufficiently large number of wavelengths with appropriate
separations, one can effectively generate a set of statistically independent speckle patterns to suppress
statistical fluctuations in the correlation function.

Figure 4(a) shows the intensity correlation functions C;(¢&; Ag) at the central wavelength 1o=500 nm
computed for 100 rough surfaces with a surface roughness of g, =40 um. These results demonstrate that the
correlation function fluctuates significantly depending on the specific realization of the rough surface,
indicating that displacement measurements using a single object and a single wavelength lack reliability.
Figure 4(b) shows the correlation function {(C;(&; 1)), ma averaged over N=40 wavelengths and 100 rough
surfaces realizations, where (-); denotes the ensemble average over diffuser samples. This figure clearly
shows that the intensity correlation function follows a power-law decay over a certain range of the
displacement &. In the simulation, the exponent of D=1.5 is used. According to eq. (6), the expected exponent
of the power-law decay is a=1, which is closely matches the behavior observed in fig. 4(b).

Figure 5(a) shows the standard deviation o¢ (&, 4¢) of the 100 correlations functions C7(&; A1) shown in fig.
4(a). The black line represents the ensemble-averaged function (C;(¢; Ag))s while the red and green lines
indicate the average plus and minus the standard deviation, respectively. Figure 5(b) illustrates the standard
deviation o(c), y(&) of the wavelength-averaged correlation function (C;(&; A)), n computed over N=40
wavelengths. The black line shows the doubly average correlation {{C;(&; A)); »)« while the red and green
lines show this average plus and minus the standard deviation, respectively. These results confirm that
averaging over multiple wavelengths significantly suppresses the fluctuations in the intensity correlation
function, particularly within the displacement range where the power-law behavior is observed.

The ratio o(¢), v(&)/oc(&; Ag) of the two standard deviations shown in figs. 5(a) and (b) is plotted in fig. 6
as a function of ¢, illustrating the degree of the statistical fluctuation suppression due to wavelength
averaging. Although random noise increases at larger displacement, where logarithmically displayed
correlation function deviates from linearity, due to the limited sample size, the ratio remains relatively
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Figure 4 Intensity correlation functions of (a) C,(&; Ag) at the central wavelength Ao=500 nm for 100 rough surfaces
having the roughness of 0,=40 um and (b) {{C/(&; A))x n)q averaged over N=40 wavelengths and over
100 rough surfaces.
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Figure 5 Two standard deviations of (a) o¢ (&, Ag) of the 100 intensity correlations C,(&; Ag) shown in fig. 4(a), and
(b) 0(c), v (&) Of the intensity correlation (C;(&; A)),, N averaged over N=40 wavelengths. In each figure,
the black line represents the average correlation over 100 diffusers, while the red and green lines indicate
the average plus and minus the standard deviation, respectively.
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Figure 6 Ratio oy, v(&)/0c(&;Ao) of the two standard deviations shown in figs. 5(a) and (b).

constant over the displacement range where the correlation function retains its linear behavior.

Therefore, this ratio is averaged over the range 1 < £ < 100 to obtain the average suppression ratio R (JV,
an)= o (&) ac(S; L0))e, which is presented in fig. 7. The results are shown for three values of N=20, 40
and 80, and six surface roughness values g,=25, 5, 10, 20, 40 and 80 um. In the figure, the simulation results
are represented by circles. When the surface roughness is sufficiently large such that adjacent wavelengths
experience statistically independent phase modulations, the speckles generated by N wavelengths are
statistically independent. In this case, the suppression ratio R (JV, g,) is theoretically expected to follow 1//N.
For the present simulation, the corresponding theoretical values are 1//N =0.224, 0.158 and 0.112 for N= 20,
40 and 80, respectively, and are plotted as solid lines in fig. 7. Although the size of the diffuser sample is
insufficient to eliminate fluctuations entirely, the simulation results in fig. 7 are observed to converge
approximately to the theoretical values as the roughness o, increases.

The wavelength separations in the present simulation are A1 =17, 8.8 and 4.25 nm for N= 20, 40 and 80,
respectively. The condition under which adjacent wavelengths experience statistically independent phase
differences Aoy can be derived from eq. (7) as

Aoy = n%ah>2n, (10)
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three sets of wavelengths and six surface roughness values.

from which the required surface roughness is obtained as
/12
201

Considering the case of the longest wavelength 41=720 nm, where the adjacent wavelengths yield the

on> (11)

smallest phase difference, eq. (11) gives approximately lower bounds for the surface roughness as ¢, >15, 30
and 60 um for N=20, 40 and &80, respectively. These values are in good agreement with the roughness
thresholds at which the simulation results begin to converge to the theoretical suppression ratios. This result
confirms that increasing the number of illuminating wavelengths enhances the suppression of statistical
fluctuations in the intensity correlations functions. However, to achieve such high suppression levels, the
surface roughness of the diffuser must be sufficiently large to produce statistically independent phase
variations between adjacent wavelengths.

5. Conclusion

Fractal speckles produced in the image plane of an optical rough surface have the potential to extend the
measurable range of object displacement in methods based on speckles. However, a major drawback of fractal
speckle is the fluctuations of its long correlation tail, which varies depending on the specific object being
measured.

To overcome this issue, we proposed the use of multi-wavelength illumination of the object. This
approach enables the simultaneous generation of multiple statistically independent speckle patterns. If the
effective number of independent speckle patterns is &V, the statistical fluctuations in the correlation tail can be
suppressed by a factor of /YN theoretically.

Computer simulations were conducted to evaluate the proposed approach for improving the precision of
the displacement measurement. The optical system was modeled as a double diffraction system, with a
diffuser placed in the object plane and a filter of a power-law amplitude transmittance located in the Fourier
plane. The power-law exponent of the amplitude transmittance was set to D/2 with D=15. Simulations were



Precision improvement by polychromatic illumination in displacement measurements of objects based on fractal speckle (Uozumi) 25

carried out for a sample set of one hundred statistically independent diffusers. Displacement measurement
was performed by calculating the intensity correlations between speckle patterns before and after the
displacement.

For illumination wavelengths 4, three sets of N= 20, 40 and 80 wavelengths were selected, equally spaced
over the range 380 < 1 < 720 nm. Six different surface roughness values g, =25, 5, 10, 20, 40 and 80 um for the
diffusers were examined. Intensity correlations computed from a single speckle pattern generated by
monochromatic illumination at A =550 nm, the central wavelength of the assumed range, exhibited largely
fluctuations across different diffusers.

It was shown that averaging the correlation functions over N wavelengths significantly suppressed these
fluctuations. Furthermore, the resulting averaged correlation function decayed following a power-law with an
exponent close to the the theoretical prediction. The suppression effect was found to be nearly constant over
the displacement range ¢ in which the correlation function obeys the power law. By averaging the
suppression ratio over this displacement range, a single representative value R (V, g;) was obtained for each
combination of NV and gy,. Finally, it was confirmed that R (V, g;) decreases with increasing surface roughness
and asymptotically approaches the theoretical value of /YN for sufficiently large oy,.
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