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This paper is a translation of the above book from Chapter 1 Section 8 to Chapter 2 Section 1.

Section 8 Operators Close to Isometric Operators

Let J be a Hilbert space. If TEB() satisfies |Txl|=zll (x€7), that is, if T*T=1, then T is
called an isometric operator. If T*T=TT*=1, then T is called a unitary operator.

Here, we define two generalizations of the isometric operator. Let TE8(6). If
|72% )+l <207zl (xE0),
then it is said that 7" satisfies condition (A). If
1T+l <2+ Tol?)  (xyE0),

then it is said that 7" satisfies condition (B).
The isometric operator clearly satisfies condition (A) and condition (B). Proposition 1-1.8.2

shows the relationship between condition (A) and condition (B).

Lemma I-1.8.1. If T satisfies condition (B), then 7*T is invertible.

Proof In condition (B), if z=0 then HTyIIZZLIIyHZ(yEJé), so T*T is one-to-one on J and T*T%
is a closed set. In fact, one-to-one is obvious. If 7*7y,—z, then ||Tyn||ZZ%||ynH2 which implies that

{yx} is the Cauchy sequence. Since y» converges to a yE¥, so T*Ty=z, and so T*T¥ is a closed
set. By Corollary 1-15.3, T*T is invertible. (End of proof)
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If T satisfies condition (B), then T(T’"T)fl/2 is an isometric operator, while Proposition 1.-1.8.2
indicates that T(T’"T)_1 satisfies condition (A).

Proposition I-1.8.2. If TEB() satisfies condition (B), then T(T*7)™" satisfies condition (A).

Proof Let y=(T*T)""*z. Since T(T*T)""* is an isometric operator, it follows from condition

(B) that

—-1/2

| T+ (1) 2| <2l + I121P).
If we define L: 6@ J#—J¢ as
Lz, 2)=To+(T*T) 2z,
then |L|<v2. Therefore LL*<2I, where L*: #—JX® ¥ is defined by
L*=(T*(T*T)

—1/2)

Here, the norm of #® ¥ is defined by |(z, y)||:{||x||2+||y||2}1/2.
Since LL*<21, it follows that

TT*+(T*T) "' <21
If S=T(T*T)"", then T=S(S*S)"", so
S(S*9) 7 (S*S) IS*+S*S <2l
Therefore,
T+(5%°S?<28*S,
Therefore, T(T*T)™" satisfies condition (A). (End of proof)

Proposition 1.-1.8.3. Let T be an isometric operator on J. If J6w=(;_, 7", then TJ6w=J€

and T*# =X The restriction of T to # - becomes a unitary operator.

Proof Since T*7T =1, it follows that 7*# «w=7>«, and T7~=7«. Let Tw denote the restriction
of T to 6~ Then Tw becomes an isometric operator on J6«. For any rEJ«~, there exists a

YyE S satisfying Twy=ux. Therefore
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TuTdr=TuTETuwy=Twy=x.
Thus, 7w is a unitary operator. (End of proof)

Proposition 1-1.8.3 is also a corollary of the following Theorem I-1.84.

Theorem I-1.8.4. Suppose T satisfies condition (A). If #e=(,_,T"/, then TH =7« and
T* 7=, and the restriction of 7" to J#« is a unitary operator.
Proof If T satisfies condition (A), then
T2+l <27l (x50

Therefore if x#0, then 7x#0. Hence 7" is one-to-one on f6.
(Claim 1) | Txl|=llzll(x€X). By condition (A), for =0, 1, 2, -,

|72l T2l < |72l =7

This implies that the sequence {|77z|} is non-decreasing. Therefore (Claim 1) holds. In the
following, we shall show that {|7”z|} is non-decreasing. For some 2>0 and some xEX, if

T | <|| 77| holds. Since

|75 2| <| 7|, then from the above inequality, for any n=#, |

{|77x|l}. .. is decreasing, there exists lim—« |7"z|, and therefore

n=k
0=lim (|72’ — | 7"[?)
<|7* 2 | 742 <0

This is a contradiction. Hence, the sequence {||77x||} is non-decreasing.

(Claim 2) T is an isometric operator on /. Let tEH . Let y1=x. For n =22, y,€H« is
defined by Ty»=yn-1, since T is one-to-one. Hence 7" N Tyn)=T"y»=T" y.-1. Since T satisfies
condition (A), this implies that for =0, 1,2, -+,

lymeell” + gl < 2lgneal”.

On the other hand, by (Claim 1), [yall*=Tyns1l’ =lyns1l’, so {lyall} is decreasing. From the above

inequality, 0 <[lyal*—llys+1ll* <llynsill*—ly+2ll’, and therefore for any £=0,
0 <llyall” = lymeall® < lynel” —llgn sl

holds. Since im p—wllyn+l exists, lyall=lyn+il. Therefore, | Tynsil =llyn+ill 2=0, 1,2, --) holds. Since
I Tyal = llyll, | 7l =]l
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(Claim 3) T*¥w=X-w. Since T is an isometric operator on J«, we have {(7*T—1)x, x)=0
(rEJ=). On the other hand, from (Claim 1), 7*T—I1=0on ¥, so T*Tx=x (xEJ), and therefore
T*H o= w.

It follows from (Claim 2) and (Claim 3) that the restriction of 7" to /6« is a unitary operator, as

in the proof of Proposition I-1.8.3. (End of proof)

Note I-1.8.5. From Proposition 1-1.8.3, the von Neumann-Wold decomposition is easily derived
[52]. Theorem I-1.84 is due to Shimorin [71]. When condition (A) holds under equality, it is called a
2-isometry, Agler [2].

Chapter 2 Spaces of Analytic Functions

This chapter describes Hilbert spaces consisting of analytic functions on the open unit disc of
the complex plane. Section 2 determines a reproducing kernel Hilbert space which is defined by
the coefficients of a Taylor expansion. We also describe the reproducing kernel. Section 3
determines a reproducing kernel Hilbert space which is defined as the closure of polynomials. We
also investigate the reproducing kernel. Section 4 describes the relationship between Hardy space,
Bergman space and Hilbert space. We also prove Douglas’'s theorem, which expresses the
Dirichlet integral in terms of a local Dirichlet integral. This chapter does not use the concepts

discussed in Section II.

Section 1 Hilbert Space

Section 2 Sequence and Analytic Function

Section 3 Polynomial and Analytic Function

Section 4 Relations between Hardy space, Bergman space, and Dirichlet Space

Section 1 Hilbert Space

Let D be the unit disc of the complex plane C, i.e, D={z<C:|z|<1}. Let © be the set of
polynomials in z. Let (D) denote the set of analytic functions on D. Let 7€ denote the subspace of

H(D). Their inner product is written by (, ), and their norm by | - |. For each €D,

76



Hilbert Spaces of Analytic Functions (4) Takahiko Nakazi (Takanori YAMAMOTO)

)=rla) (fFEKH)

and this is called the point functional. In this case, we assume that 7, is always bounded on J€.
Furthermore, two linear operators 7% and S; on J6, which are important for studying the Hilbert

space J¢, are defined as follows:

(ren).

T.p=2f, 5.p=2—10

If T.f€J¢ for fE5, then S.T.f=f, and if S.f €, then (T.S.+10)f=f. Therefore,
S:T:—T:S:=1o
For p€H(D), let
(Tof)2) =02 f(2) (fEH).

If p€H(D) and TsJC ¥, then ¢ is called a multiplier on #. 7% is called the forward shift operator,
and S is called the backward shift operator. 7% is studied in detail in Chapter 3, and S; is studied in
detail in Chapter 4.

Since 7, is bounded on J¢ for aE D, and J is a Hilbert space, by Riesz’s representation theorem

(I-1.3.1), there exists K.EJ such that |ra]|=|Kd| and
()=, Ko (FEX).

K, is called the reproducing kernel for a. If 7./ €6 holds for all f €7, then J6 is said to be an
invariant subspace of 7% The same is true for S..

If /6 is an invariant subspace of 7%, then for all a€D,
TFK.=aKa
In fact, by the definition of 73,
{f, T¥Ka)=(2f, Ko =af @=f, aK.)

holds for any fE€¥, so T5*K.=aK,.. For a€D,

f—fc(la) (FE70

Seaf = —

then S;0=S..
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Proposition 1-2.1.1. Let /¢ contain the constant 1 and ¢€D.

(1) Kerzq is a closed subspace of J6.

(2) If € is an invariant subspace of 7%, then the range of 7%-, is a subspace of Kerz, and is not
dense in J6.

(3) If # is an invariant subspace of 7%, then the range of 7%-. coincides with Kerz, if and only if

J6 is an invariant subspace of Sz

Proof (1) Since |ro(/)| <[zl I/l (f €7), 74 is norm continuous.

Therefore, Kerz, is a closed subspace.

(2) Since Kerr,2(z—a) and Kerr. is a closed set by (1), the range of 7%-. is not dense in J.

(3) If Kerr,=(z2—a) %, then 6=C++(z—a)J#, and therefore J¢ is invariant in S... Conversely, if
J€ is S.. invariant, then #=C+(z—a)J, and therefore Kerr,=(z—a) /. (End of proof)

Proposition 1-2.1.2. Suppose J¢ contains the constant 1.
(1) If /€ is an invariant subspace of 7%, then 7% is not surjective on J6.
(2) If J6 is an invariant subspace of S;, then S; is surjective if and only if /¢ is an invariant

subspace of 7.

Proof (1) If T is surjective, then there exists g&J such that 1=zg. This implies that
1/z€H(D), which is a contradiction.

(2) If S; is surjective, then for any fEJ/, there exists g&J such that f=S.g. Therefore,
g=g0)+zf and gO)EX, so T.fEH. Conversely, if T.HC¥, then for any fFEK, if g=zf, then
gEJ and S.g=f. (End of proof)

If @, b€D and a #b, there exists fE€J such that f(@)#+ £(b), and if 7, is bounded on ¢ for all

a€D, then J is called a reproducing kernel Hilbert space.

Proposition 1-2.1.3. Let /¢ be a reproducing kernel Hilbert space. If J is an invariant
subspace of Ty or S;, then 7% or S;is bounded on /€, respectively. Also, a multiplier on J is bounded
on J6.

Proof If f, F and f, in J satisfy both f»—f and T./»—F in %, then T.f=F. In fact, for any
a€D, 1, is continuous, so fx(@)—f(@) and afil@)—F(a). Hence, af(@)=F(a) (@ED), so T.f=F. The
closed graph theorem (II-1.3.2) shows that 7% is bounded. The boundedness of S; or multiplier can
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be shown similarly. (End of proof)

Proposition 1-2.1.4. Let /6 be a separable reproducing kernel Hilbert space. Let gn, gE5.
Then g, weakly converges to ¢ in J6 if and only if {|g.ll} is bounded and g.(2)—¢(2) (zED).

Proof If g, weakly converges to g, then 6 is a reproducing kernel Hilbert space, and therefore,
for each z€D, gu(z)—g(z) (zE€D) and for each pEI*, supn |d(gn)|< 0. Since H=I¢*, by Banach-
Steinhaus Theorem (I1-1.3.1), supa |lgal| < oo.

Conversely, suppose supx g < oo and ga(z)—g(z) (z€D). By Theorem I-1.4.2, the unit ball of
the Hilbert space is weakly compact. Therefore there exists a subsequence {gx} of {g»} such that
gnj weakly converges. In this case, since g»i(z2)—g(z) (2ED), g» weakly converges to g. Hence, any
weakly convergent subsequence of {g.} converges to a single g. By Theorem I-1.4.4, the weak

topology of the unit ball of # is metrizable, so g» weakly converges to g. (End of proof)

The fundamental Hilbert spaces # of analytic functions on D studied in this book are Hardy
spaces, Bergman spaces, and Dirichlet spaces. We shall show their definitions here. We shall

show later that they are Hilbert spaces.
Definition 1-2.1.5. The Hardy space H*=H?*D) is the set of all functions f in H(D) satisfing

2m
L

sup F(re)*df/2m < oo.

0<r<1
The square root of this upper bound is denoted by [ /1.
Definition I-2.1.6. The Bergman space LZ=LZ(D) is the set of all functions f in H(D) satisfing
[ e rardbiz< oo
The square root of this integral is denoted by [|/]|,;.

Definition I-2.1.7. The Dirichlet space D?=D?*D) is the set of all functions f in H(D) satisfing

1 e raragin<co.
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For fED?,
WA=t [ L (e rdrdein
If f€H(D), then it can be expanded by Taylor as f(2)=5n-0ax2" (zED).

om
]0 A0/ =0m (m=0, £1, £2, ")

Using

S e avian=Zanl'r,

[ 2rar [ Ve aorzn= 5 L
and

1 2 ) oo
f Zrdrf I (re®['d6/20= > nla’.
0 0 n=0

Therefore, the necessary and sufficient condition for fEH? is Z:=0|an|2< oo, The necessary and
sufficient condition for functions belonging to 9% and L2 can also be obtained from the above

equation using Taylor coefficients. Therefore, the following inclusion relationship holds:

PCH*CH?’CLZ
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